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Abstract 

It was recently shown by Witten that B-type open topological string theory with the 
supertwistor space CP 3 ' 4 as a target space is equivalent to holomorphic Chern-Simons 
(hCS) theory on the same space. This hCS theory in turn is equivalent to self-dual 
M=A super Yang-Mills (SYM) theory in four dimensions. We review the supertwistor 
description of self-dual and anti-self-dual TV-extended SYM theory as the integrability 
of super Yang-Mills fields on complex (2|AA)-dimensional superplanes and demonstrate 
the equivalence of this description to Witten's formulation. The equivalence of the field 
equations of hCS theory on an open subset of <CP 3 ^ to the field equations of self- 
dual AA-extended SYM theory in four dimensions is made explicit. Furthermore, we 
extend the picture to the full 7V=4 SYM theory and, by using the known supertwistor 
description of this case, we show that the corresponding constraint equations are (gauge) 
equivalent to the field equations of hCS theory on a quadric in CP 3|S x CP 3|S . 
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1. Introduction 



Let Z be a complex three-dimensional Calabi-Yau (CY) manifold, E a rank n complex vector 
bundle over Z and A a connection one-form on E. Consider the action [Q 

ShCS = J Sl Atr (a ' 1 A BA^ 1 + ^A ' 1 A A ' 1 A A ^ , (1.1) 

where Qo is the nowhere vanishing holomorphic (3, 0)-form on Z and A 0,1 is the (0, l)-component 
of the connection one-form A. Witten has obtained (|l.lj) as the full target space action of the open 
topological B-model on a complex three-dimensional target space, on which the CY restriction 
arises from N=2 supersymmetry of the corresponding topological sigma model and an anomaly 
cancellation condition. This holomorphic Chern-Simons (hCS) theory (jl.lj) describes inequivalent 
complex structures on the bundle E — > Z. 

In a beautiful recent paper J2], Witten observed that the above-mentioned severe CY restriction 
can be relaxed by considering a topological B-model whose target space is a Calabi-Yau supermani- 
fold 1 . Here, the fermionic dimensions will also make a contribution to the first Chern class, and 

For a definition, see appendix B. 
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this yields more freedom in the choice of the bosonic dimensions to have an overall vanishing first 
Chern class. In particular, an extension 



Shcs = J A tr ^A ' 1 A di ' 1 + ^A ' 1 A A ' 1 A A ' 1 ^ (1.2) 

of the action to the supertwistor space CP 3 ' 4 was considered. Here y is a subspace of CP 3 ' 4 
parametrized by three complex bosonic coordinates together with their complex conjugate and 
four (holomorphic) fermionic coordinates, is a holomorphic measure for bosonic and fermionic 
coordinates, and ^l ' 1 is the (0, l)-component of a connection one-form A on a rank n complex 
vector bundle E over CP 3 ' 4 depending on both the bosonic and fermionic coordinates. It was 
shown [2] that there is a bijection between the moduli spaces of holomorphic Chern-Simons theory 
(|L2|) on the supermanifold CP 3|4 \CP 114 and of self-dual N=A super Yang-Mills (SYM) theory on 

the space IR 4 with a metric of signature (+ + + +) or ( depending on the reality conditions 

imposed on the supertwistor space (for related works see (HI- CO])- It was also demonstrated that 
the above twistor description allows one to recover Yang-Mills scattering amplitudes, in particular 
maximally helicity violating (MHV) ones 2 , and to clarify the holomorphicity properties 3 of these 
amplitudes 4 and identities appearing in this context |12|-|17|. 

Note that Witten described the correspondence between hCS theory on CP 3 ^ 4 and anti-self- 
dual 7V=4 SYM theory by analyzing the sheaf cohomology interpretation of the linearized field 
equations on the supertwistor space. The main purpose of this paper is to give a more detailed 
and explicit description of this correspondence for < M < 4 beyond the linearized level. 5 We will 
also discuss the supertwistor description of the full A/"=4 SYM theory along the lines proposed in 
[2]. In fact, we shall consider several special cases of the following general situation. Suppose we 
are given complex (super)manifolds X, Y, Z and a double fibration 

Y 

ir 2 / \tti 

Z X (1-3) 

with surjective holomorphic projections tti and iT2- Then we have a correspondence between Z and 
X, i.e. between points in one space and subspaces of the other one: 



points z in Z <-> subspaces vri(7r 2 1 (z)) in X , [ \ \\ 

subspaces ^(ir^ 1 (x)) in Z <-> points x in X . 



Using the correspondence p.4jl . one can transfer data given on Z to data on X (and vice versa). 
One may take some analytic objects h on Z (Dolbeault cohomology classes, holomorphic vector 
bundles, etc.) and transform them to objects / on X which will be constrained by some differential 
equations, since the pull-back of h to Y has to be constant along the fibres of tt2- The map 
VW : h i— > / is called the Penrose- Ward transform. Of course, one can also consider the inverse 
map PW _1 : / i— * h. If there is an anti-linear involution r (real structure) on X, then the set 

2 See (11) for an earlier discussion of this point. 

3 The unexpected holomorphicity properties of the so-called maximally helicity violating amplitudes provided the 
original motivation to study the space p 3 ' 4 := CP 3 ' 4 \CP 1 ' 4 . Holomorphicity is an earmark of the topological B- 
model, and there is a six-dimensional description of self-dual SYM theory via the twistor correspondence. Thus one 
had to find a space which is CY and a complex (super)twistor space of R 4 at the same time: "P 3 ' 4 . 

4 For a preliminary consideration of gravity amplitudes in this context, see 
Still, it should be stressed that the supertwistor space is CY only for 7V=4. 
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of fixed points of r forms a real subspace X T of X. In the real setup, the double fibration often 
simplifies to the nonholomorphic fibration 

vr : Z -> X T . (1.5) 

This happens when 7rj~ 1 (X r ) = Z and therefore 7T2 becomes a bijection. The correspondence (jl.4jl 
is preserved in this case. 

In particular, if field theories are given on the spaces Z and X, then a correspondence of the 
type (|1.4|) between both spaces can be lifted to a correspondence between solutions to the field 
equations on Z and solutions to those on X. In general, this correspondence will not be one-to- 
one, since fields are usually defined only up to some (gauge) equivalence. However, one can often 
establish a one-to-one correspondence between elements of the moduli spaces of theories on Z and 
those on X. This will be specialized later in concrete examples. Our considerations in this paper 
are based on the results of many authors (see e.g. |19|-|43| and references therein). More details on 
twistor theory and the Penrose- Ward transform can be found in the books |44j-|47j. 



2. Twistor geometry 

Local coordinates. We start from the complex projective space CP 3 (the twistor space) with 
homogeneous coordinates (u a ,Xa) subject to the equivalence relation (w Q , A„) ~ (tio a ,t\a) for all 
nonzero complex t, a = 1,2 and a = 1,2. Consider now the space V 3 = CP^CP 1 in which 
(Aq,) 0. This space can be covered by two patches U + (A^ ^ 0) and U- (A 2 ^ 0) with coordinates 

4 = ^i=:A + on U+ and zl = ^ , zl = ^ =: A_ on«_, (2.1) 



A} A| A 2 A 2 



related by 
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z% = z%z a _ and 4 = — (2.2) 

on the overlap U + n U- . 

From (|2.1j) and (|2.2|) , it is obvious that P 3 = 1A + U IA- coincides with the total space of the rank 
2 holomorphic vector bundle 6 P 3 = 0(1) 0(1) over CP 1 , 

P 3 -> CP 1 , (2.3) 

where the Riemann sphere CP 1 is covered by two patches 

U + = U + n CP 1 and [/_ = U- n CP 1 (2.4) 

with coordinates A+ on [/+ and A_ on U-, CP 1 = 17+ U £/_. 

Special cases of the correspondence (|1.3(l . (|1.4|) can be established between the twistor space 
Z = CP 3 and the Grafimann manifold X = G 2 , 4 (C) gU as well as the space Z = P 3 = CP 3 \CP X 
(which we also call twistor space) and X = (D 4 C G^^C). In the following, we will focus on the 
geometry of the latter correspondence. 

6 The holomorphic line bundle O(n) over CP 1 has the transition function and the first Chern number n. See 
appendix B for more details. 
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Moduli space of curves. Holomorphic sections of the complex vector bundle ()2.3|) are rational 
curves CP 4 ^->P 3 defined by the equations 

z « = x ai + X + x a2 for A+ G £/+ and z<t = A_x ai + x a2 for A_ G C7_ (2.5) 
and parametrized by moduli £ = (x aa ) G C 4 . Introducing 

(A+):=( A 1 + ) and (At) := ( A " ) , (2.6) 

we can rewrite 1)2.5)1 as 

4 = x Q "A± . (2.7) 
These equations allow us to introduce a double fibration 7 

VT2/ \7T1 

V 3 C 4 (2.8) 

where J- 5 := C 4 x CP 1 . From this diagram, one observes that a point x = (x aa ) G C 4 corresponds 
to the projective line CP 1 , = ^(tt^ 1 (x)) in P 3 given by solutions of 1)2.7)1 for fixed x, and a point 
p = (z±,\^) G P 3 corresponds 8 to a totally null anti-self-dual 2-plane (/3-plane) 7Ti(7r^~ 1 (p)) in 
C 4 defined by solutions of (|2.7|) for fixed (z±,X&). The double fibration ()2.8j) and its ^-graded 9 
generalizations play the central role in the twistor correspondence. 

Real structures. Recall that a real structure on a complex manifold M is defined as an anti- 
holomorphic involution r : M — ► M. To introduce real structures on P 3 , let us consider three 
anti-linear transformations of dotted and undotted (commuting) spinors, 

4 7 V *i 



(Ad) - ^(Aa) = ( J o K 1 = A ) =: (Aa) ' (2 - 10) 



r Q (io a ) = (Co a ) , r (A d ) = (A d ) , (2.11) 

where e = ±1. For later use, we define furthermore (X ) := t(A q ), i.e. indices are raised as 
\ a = e a P\p with e 12 = — e 21 = —1 before the action of r. The transformations 1)2.9)1 - 1)2.11)1 define 
three real structures on P 3 which in the coordinates 1)2.1)1 are given by the formulas 

t (4,4,a±) = (4,4,A±) . (2.i3) 



7 Note that we use the same notation 7Ti and TY2 for projections in completely different diagrams throughout the 
paper. 

8 In the literature, V 3 is often called the dual twistor space, while the space of totally null self-dual 2-planes 
(a-planes) is called the twistor space. 

9 As usual in theoretical physics, we will use the prefix "super" instead of ^2-graded, and do not imply supersym- 
metry by that term. 
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It is obvious that the involution r_i has no fixed points but does leave invariant projective lines 
joining p and r_i(p) for any p G V 3 . On the other hand, the involutions ri and ro have fixed points 
which form a three-dimensional real manifold 

T 3 = RP^XRP 1 (2.14) 

fibred over S 1 RP 1 C CP 1 . The space T 3 C T 73 is called real twistor space. For the real 
structure ti , this space is described by the coordinates (z±, e lx z±, e lx ) with < \ < 27r, and for 
the real structure r , the coordinates (z±, z±, A±) are real. These two descriptions are equivalent. 

We shall concentrate on the real structures t±\ since all formulae for these two cases can be 
written in a unified form using e = ±1. For instance, an extension of the involution r e to any 
function f(x, A+) is defined as 

r £ (f(x, A + )) := /(r £ (x,A+)) := / U(x), S-} , (2.15) 

where the bar denotes ordinary complex conjugation. Using this involution, one can impose the 
condition of invariance under (|2.15|) on sections (|2.7|) of the bundle ()2.3|) . Due to (|2.5I) and (|2. 12|) , 
moduli {x aa ) of such sections satisfy the equations 

x 22 = x 11 =: -(ex 4 + ix 3 ) and x 21 = ex 12 =: -e(x 2 - ix 1 ) , (2.16) 

where (x^) are the real coordinates with \i = 1, ...,4. On the other hand, holomorphic sections of 
the bundle (|2.3|) which are invariant under the involution ro are parametrized by real coordinates 



=> X n = x 4 + x 1 , x 12 = x 2 - x 3 , x 21 = x 2 + x 3 , x 22 = x 4 - x 1 . (2.17) 

Metric on the moduli space of real curves. On the space 1R 4 of real holomorphic curves 
one can introduce the metric 

ds 2 = det(dx aA ) = g^dx^dx" (2.18) 

with g = diag(+l, +1, +1, +1) for the involution r_i on V 3 and g = diag(— 1, — 1, +1, +1) for t\ 
(and to) and g = (g^v)- Thus, the moduli space of real rational curves of degree one in V 3 is the 
Euclidean space 10 R 4,0 or the Kleinian space R 2,2 . 

Note that, in the Euclidean case, the twistor space V 3 is the space 

R 4 x CP 1 ^ V 3 (2.19) 

with the coordinates (x^, X±) and one can define a trivial nonholomorphic fibration 

it: V 3 -> R 4 (2.20) 

over the space R 4 with real coordinates x = (x^). Therefore, on the patches U+ and U- covering 
the space V 3 , one can use the coordinates (x, A + ) and (x, A_), respectively. In the Euclidean case, 

10 In our notation, W ,q = (~R p+q ,g) is the space W +q with the metric g = diag(-l, . 
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the double fibration (|2.8|) simplifies to the fibration (|2.20|) since tt 1 ' l (K 4 ) = ? 3 C f 5 and therefore 
the restriction of the projection TT2 to 7rj~ 1 (lR 4 ) is a bijection. 

The twistor correspondence for the Kleinian case is more complicated. In particular, we have 

R 4 x (CP^S* 1 ) ^ V 3 \V (2.21) 
instead of the diffeomorphism (|2.19[) and one should consider the space 

■pi ._ -p3\ Vo with Vq _ 

P 3 | |A±|=1 = R 4 x S 1 instead of V 3 in (J2H3J). For more details on the Kleinian case e = +1, see 
appendix C. To smoothen the discussion in the following, we ignore this subtlety and use always 
(|2.2Uf) implying the restriction to the space V 3 in all necessary cases. Furthermore, we will call 
matrix- valued functions T e -regular, if they are regular 11 for all values of A £ D in the case e = — 1 
and regular for A 6 D with |A| ^ 1 in the case e = +1 (and also for the real structure tq), where 
D C C-P 1 is the domain under consideration. 

Vector fields. On the complex manifold V 3 , we have the natural basis (d/dz±,d/dz±) in the 
space of antiholomorphic vector fields with 

did d 1 d 1 „ d , nnn . 

an d ^s- = -73ra«3T-3"^»= (2-22) 



dz+ rj_ dz°_ dz\ (z+) 2 dz^_ z\ dz 

on the intersection U + flW_. In the coordinates (x, A + ) on U + we have 12 



^4 Vcb 22 dx 21 / 

" *7+ f A - \ + ^7t) = =■■ ei + V+ , (2.23) 



dz\ ' + W 2 + dx^J ' ++ dx^ 



where 



with the convention 13 e 12 := — e 21 = — 1. Thus the vector fields 

d_ 

ax 



V+ = \%d a6l and T/ 3 + = (2.25) 



form a basis of vector fields of type (0,1) over U + C V 3 in coordinates (x, A + ), where d a a := d/dx aa . 
The explicit form of the basis of vector fields of type (0,1) on the open set IA- C V 3 follows from 
the transformation rules (|2.22|) . 

V- = A"cU and Vf = -2- 5 (2.26) 

aA_ 

where one introduces additionally 

7- = -e = and (*-) = f 7M • (2-27) 

l-eA_A_ A" AT V ^- / 

Note that the bases (J2.25JI and (|2.2(ij) of vector fields on V 3 are holonomic, i.e. they commute 
pairwise. Furthermore, in the case e = +1, the identification Q2.23|) only holds on P 3 . 

1 By 'regular', we mean smooth and having nonvanishing determinant. 

12 In the case e = +1, this transformation is only valid for |A±| 7^ 1. For more details, see appendix C. 



13 



See appendix B. 
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3. The twistor description of self-dual Yang-Mills fields 



Holomorphic bundles over the twistor space. Consider a rank n holomorphic vector bundle 

E over the twistor space "P 3 . This bundle is defined by a holomorphic transition function /_| on 

the intersection U+ r\U- of the two patches covering P 3 = U+ UU^, i.e. the function /_| takes 

values in the group of nonsingular n x n matrices annihilated by the vector fields (|2.25|) of type 
(0,1): 

V+f + - = = d- x+ f+- . (3.1) 

In the twistor approach to self-duality, it is assumed that E is topologically trivial and its restriction 
to any projective line C-P^.^'P 3 is holomorphically trivial. These two conditions imply that there 
are regular matrix- valued functions, ip+ on and ip- on such that 

/+- = ^V- (3-2) 

and 

d- x+ i; + = = , (3.3) 

i.e. t/) + and ip- are smooth functions of x G R 4 and holomorphic functions of A + and A_, respec- 
tively. 

Gauge potentials. From the holomorphicity condition (|3.1|) together with (|3.2j) it follows that 

ii+V+ii-^^V+iPl 1 (3.4) 

on U+Pi U-. One can expand ?/>+, tp^ 1 and ip-, ipZ 1 as power series in A+ and A_ = A^ 1 , respectively. 
Upon substituting the expansions into equations (|3,4|) . one sees that both sides in (|3.4|) must be 
linear in A + and one can introduce Lie-algebra valued fields (A a a) depending only on x by the 
formulas 

\% A a& = \% V+ d a& ^ = \% il>- d a6t VC 1 , (3.5) 

where (A?) is given in (|2,24|) . The matrix-valued functions (A a a(x)) can be identified with the 
components of a gauge potential A a adx aa on R 4 with the metric (g^u) = diag(— e, — e, +1, +1). 
Note that A a adx aa will be an antihermitean n x n matrix if ifi± satisfies the following condition 14 : 



t/j + 1 (x,X+) = (^x, 
The antihermitean gauge potential components can be calculated from (|3.5|) as 

A xi = ^+d 1 ^+ 1 \ x+=0 = -eA ] 2i , A 22 = i>+d 2 ^+\ +=Q = -A^ . (3.7) 
Combining 1)3.4(1 and (|3.5|) . we introduce matrix- valued functions 15 

A+ := V+a vl ' 1 = ^+V+iP+ 1 = \%A adt , (3.8) 
where A" are given in (|2.24() . Analogously, one can introduce the component A x+ , but it will vanish 

A H = ^+ d xJ+ 1 = • (3-9) 



as 16 



14 Here f means hermitean conjugation. 



'Here V j A 1 '' 1 denotes the interior product of a vector field V and a (0, l)-form A ' 1 . 
3 Note also that A+ and A^ + are components of A ' 1 . 
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Linear system and SDYM equations. Let us rewrite (|3.8|) together with (|3.3|) in the form 

+ = o, (3.10) 

d- x+ i>+ = (3.11) 
with similar equations for ip_ . The compatibility conditions of this linear system are 

[V+ + At , V+ + A+] = \%\i[d a6l + A adL , d p$ + A p$ ] =: A" AjfV. ^ = . (3.12) 

To be satisfied for all (A"), this equation has to vanish to all orders in A + separately, from which 
we obtain the self-dual Yang-Mills (SDYM) equations 

^li,2i = ' ^12,22 = ' ^li,22 + ^I2,2i = (3.13) 
for a gauge potential (A a a). It is convenient to introduce the notation 

F aa,/3$ = £ <*Pfa$ + £ a$f<*P ' ( 3 - 14 ) 

in which the SDYM equations are rewritten as 

4/? = • ( 3 - 15 ) 

Gauge equivalent linear systems. Note that in (|3.2j) . we have chosen special trivializations 
ip± of E over U± such that (|3.3|) and therefore (|3.9|) were satisfied. However, one can consider more 
general trivializations {ip±} of E such that 

/+_ = = (3-16) 

and d\ ± ip± ^ 0, i.e. ip± = ip±(x, A±, X±) are regular matrix-valued functions smooth in all coordi- 
nates on U± . From (|3.16|) it follows that 

ip : = V^; 1 = tA-VC 1 (3.17) 

is a globally defined regular matrix- valued function on V 3 and therefore the above two trivializations 
are related by the gauge transformation 

ip± i— > V>± = f~ 1 ip± ■ (3.18) 
In general trivializations {ip±}, we have 

i+ := V.+ F+V^ 1 = t-V+fc 1 = p-H^±Va^±)^ + V^V+if = V^A+p + V^V+tp , (3.19) 

A- x+ := ^+d- x J^ = ^d- x J-J = p- X d- x+ p , (3.20) 

where the last equality in (13.20(1 follows from (|3.11|) and (|3.9|) . Equations (|3.19|) and (|3.20|) can be 

rewritten in the form of a linear system 

(V+ + A+)j>+ = 0, (3.21) 

($u + 4j^+ = 0i ( 3 - 22 ) 



17 On the bundle E, the Cech fibre coordinates \±{z%,\±) are related by x+ ~ f+-X- on ^+ At the same 

time, the matrices ip+ and tp- are matrix fundamental solutions of eqs. I3.1UI . 13.111 . i.e. the columns of ip± form 
smooth frame fields for E over U±. In other words, regular matrix- valued functions ip± define a trivialization of E 
over U± such that ip±x± are sections of E holomorphic w.r.t. a new complex structure (defined by 8 + A ' 1 ). They 
are related by ip+x+ = 4>-X- on U+ C\U-. 
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which is gauge equivalent to the linear system (|3.1U|) . (|3.11|) , 

The compatibility conditions of this linear system are in fact the field equations of hCS theory 
on the space P 3 , and, e.g. on W+, they take the form 

V+A+-V+A+ + [A+,A+] = 0, (3.23) 
d- x+ Ai-V+A- x+ + [A- x+ ,Ai] = 0. (3.24) 

Thus we have a relation between hCS on V 3 and SDYM on the moduli space R 4 of real holomorphic 
sections of the fibration V 3 — > CP 1 . 

More explicitly, from the formulas ()3.8j) and (|3.9|) . we obtain 

dA,.4+ , , f dA + A 



A ^ = -f s ^t and ^ 2 = t^A7' (3 - 25) 

where the contour 5 1 = {A + € CP 1 : |A+| = r < 1} encircles A + = 0. Using (|3.8j) . one can easily 
show the equivalence of (|3.25|) to H3.7|) . The formulas ()3.25|) define the Penrose- Ward transform 

VW:(A+,A x+ =0)^(A aA ) (3.26) 

which together with a preceding gauge transformation 

(A+,A x+ )^(A+,A x+ =0) (3.27) 

maps solutions (A+,A X+ ) of the field equations of hCS theory on V 3 to solutions (A a a) of the 
SDYM equations on R 4 . Conversely, by formulae ()3.8j) and (|3.9|) . any solution (A a a) of the SDYM 
equations corresponds to a solution (A+, A x ) of the field equations of hCS theory on V 3 which 
directly defines the inverse Penrose- Ward transform PW -1 . Note that gauge transformations 18 of 
(A+,A X ) on V 3 and (A aa) on R 4 do not change the transition function /_| — of the holomorphic 
bundle P — > V 3 . Therefore, we have a one-to-one correspondence between gauge equivalence classes 
of solutions (i.e. points of the moduli spaces) to the field equations of hCS theory 19 on V 3 and the 
SDYM equations on R 4 . 

Recall that the trivializations defined by (|3,2|) and (|3.3|) correspond to holomorphic triviality of 
the bundle E\ (CP i for any CP 1 ^V 3 . Similarly, we may consider restrictions of E to fibres C| of the 
fibration V 3 — > CP 1 . All these restrictions are holomorphically trivial due to the contractibility 
of C\ for any A G CP 1 . Therefore there exist regular matrix-valued functions ifi±(z±, A±, A±) 
depending holomorphically on z± (and nonholomorphically on X±) such that 

/+_ = V; V- = , (3-28) 

and := = i^~^Z l defines a gauge transformation 

A x+ =0) A (A+ = 0,A x+ ) (3.29) 

to a special trivialization in which only A x+ ^ and ^"(^4^+) = 0- Certainly, both trivializations 
in (|3.28|) and ()3.29|) are gauge equivalent to the general one given by (|3.16|) - ()3.22[) . This kind of 
equivalence will be particularly useful in the super case. 

18 There are two gauge transformations for gauge potentials on two different spaces present in the discussion. 

19 Note that in this twistor correspondence, it is assumed that for solutions of hCS theory, there exists a gauge 
in which A^ ± — 0. This is equivalent to the holomorphic triviality of the bundle E — > V 3 on <CP\^>V 3 . Solutions 
(Aa,Ax,=Q) form a subset in the set of all solutions of the hCS theory on V 3 and we imply the restriction to this 
subset when speaking of solutions to hCS theory in the context of a twistor correspondence. 
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4. Supertwistor geometry 



Coordinates. A super extension of the twistor space CP 3 is the super manifold CP 3 ' - ^ with 
homogeneous coordinates {uj a , Xa,r)i) subject to the identification (to a , \a,Vi) ~ (tu a ,t Xa,tr]i) 
for any nonzero complex scalar t. Here (oo a ,\a) are homogeneous coordinates on CP 3 and rji 
with i = l,...,Af are Grafimann variables. Interestingly, this supertwistor space is a Calabi-Yau 
supermanifold in the case AA=4 and one may consider B-type open topological strings living in this 
space 

As in section 2, we consider the space V 3 = CP 3 \CP X = 0(1) © 0(1) and its super extension 
V 3 ^ covered by two patches, V 3 ^ = CP 3|Ar \CP 1|Ar = with even coordinates (JUJ and 

odd coordinates 

■qf = y~ on U + and = -p on U- (4-1) 
A i A2 

related by 

Vt = A\ ( 4 - 2 ) 

on U+ C\IA-. We see from (|4.1(l and (|4.2|) that the fermionic coordinates are sections of 20 110(1). 
The supermanifold V 3 ^ is fibred over CP 1 , 

V 3\N ^ cp l|0 j (-4 3) 

with superspaces C 2 '"^ as fibres over A g CP 1 ' = CP 1 . We also have a fibration 

p 3\M ^ C pi|AA ^ 4 4 ) 

with C 2| ° as fibres over (A, 77) G CP 1|Ar . 

Spaces of supermoduli and chirality. Holomorphic sections of the bundle Q4.3|) are rational 
curves CP^^^P 31 ^ defined by the equations 21 

zl=xf\t, 4 = vt*t for (A+) T = (1,A + ), A+ G U+ , 

z1=xf\T, V r=r ] tXT for (A7) T = (A_,1), A_ G £/_ (4.5) 

and parametrized by supermoduli (xR,r)) = (x R a ,r]f) £ C 4 ' 2- ^ =: A^ 2 "^. The space A^ 2 "^ is 
called anti-chiral superspace. Equations (|4.5jl define a supertwistor correspondence via a double 
fibration ^ 5 | 2Ar 

71-9/ \tti 

V 3 W M.f* ( 4 - 6 ) 

where T^j 2 ^ := Ai^ 2 "^ x CP 1 , a point (xR,rj) = (x R a ,r)f) G A^ 2 "^ corresponds to the sphere 
CP 1 ^ = ^2(^1 1 (x r, rj))^V 3 ^ , and a point p = (z±, \±,rjf) G P 3 ^ corresponds to a null 

/3/j-super plane Tri^g ' 1 (p))^M^ 2Ar of dimension (2|A/). 

Holomorphic sections of the bundle (|4,4[) are spaces < CP 1 J Af 9 ^V 3 \ Af defined by the equations 

4 = x 2°Af - 26 ai rjf with (Af , jjf ) G U± D CP 1|Ar (4.7) 



20 The operator II inverts the parity of fibre coordinates, see appendix B. 
21 Here T means the transpose. 
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and parametrized by supermoduli (xl,9) = {xj^,9 ai ) G C 4 ' 2- ^ =: M^ 2 ^ . The space Ai^ 2 "^ is 
called chiral superspace. Equations (|4.7|) define another supertwistor correspondence, 

^-5|3A/" 
L 

V W Mf M ( 4 - 8 ) 

where := M^ M x CP 1|Ar , and a point (x L ,9) = (xf*,9 ai ) G M^ M corresponds to the 

supersphere CP*'^ = vr 2 (7r^ 1 (xi, ^))^->P 3 '- /v ', and a point p G p 3 !-^ corresponds to a null 
superplane 7Ti(7T2 ' 1 {p))'-^M^ N of dimensions {2\2N). 
From and ((1771) it follows that 

= x a<i - 6> ai ?7f (4.9) 

and 

where {x a6t ) G C 4 I° are "symmetric" (nonchiral) bosonic coordinates. In the following, we will 
continue labelling chiral objects by a subscript L for left-handed or chiral and a subscript R for 
right-handed or anti-chiral ones. Substituting H4.9j) into (|4.5|) . we obtain the equations 

4 = x a "A± - 9 ai 4 A± and ry± = r?f A± (4.11) 

defining degree one curves CP* J? ^->P 3 ' -/V ' parametrized by supermoduli (x, 9, rj) = (x aa ,9 m ,rjf) G 
C 4|4A/\ Therefore we obtain a double fibration 

p3\Af (Tj4|4JV (4.12) 



with coordinates 



(x a& , A± , ai , rjf ) on .F 5 ! 4 ^ := C 4 ! 4 ^ x CP 1 , (4.13) 
3ai 77?) on C 4 ! 4 ^ , (4.14) 



and 



4 = (x aa - ai 4)\± , A± , V f = 4 A± on P 3 ^ . (4.15) 

The definition of the projection 7Ti is obvious and tt2 is defined by (|4.15f) and (|4.9() . 

The double fibration (|4.12|) generalizes both (|4.6|) and (|4.8() and defines the following twistor 
correspondence: a point (x,9,rj) = (x aa ,9 m ,rjf) G C 4 ' 4 ^ corresponds to the projective line 
CP^ e ^ = TT2(iTi 1 (x, 9, rj))^>-V 3 ^ , and a point p G P 3 !-^ corresponds to a totally null /3-superplane 
7ri(^ 1 (p))^C 4 l 4Ar of dimensions (2|3AT). 

Vector fields. Note that one can project from J^ 5 ! 4 ^ onto P 3 ^ in two steps: first from J r5 l 4 ^' 
onto J-^j 2 ^ , which is given in coordinates by 

(z Q *, \i,e a \4)^{xt,\i,4) (4.16) 

with the xj^ from ((4.9() . and then from T^j 2 ^ onto P 3 !-^, which is given in coordinates by 

{xf , A± , 4) - , A± , 4 A±) . (4.17) 
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The tangent spaces to the (0|2A/")-dimensional leaves of the fibration (|4.16|) are spanned by the 
vector fields 

d a d 



--:d ai + rjid Q 



(4.18) 



QQai Q x aa 

on C 4 ' 4 ^ C .F 5 ' 4 -^. The coordinates x^*, and rjf belong to the kernel of these vector fields which 
are also tangent to the fibres of the projection C 4 ' 4 ^ — > (D 4 ' 2- ^ onto the anti-chiral superspace. The 
tangent spaces to the (2|AA)-dimensional leaves of the projection (|4.17l) are spanned by the vector 
fields 22 



v ± 



A ±°aa ) 



with d\ 



_d_ 

drjf 



(4.19) 
(4.20) 



where = d/da 



R ■ 



Twistor correspondence for a real superspace. Let us now discuss the action of the anti- 
linear involutions (|2.9|) - (|2.11|) on fermionic coordinates. In the Kleinian case, we can simply define 



r2i 



■]2i 

-Tit 



n 



nf 



>1< 



and 



(4.21) 
(4.22) 



TQ (ff») = ff" and r (tf 

which matches the definition for commuting spinors. 

In the Euclidean case e = —1, we can only fix a real structure on the fermionic coordinates if 
the number of supersymmetries M is even (see e.g. (1B1H9J. In these cases, one groups together 
the fermionic coordinates in pairs of two and defines matrices 



-1 

1 



r,s = l,2 and (Tj) 



The action of r_i is then given by 



r-i 



? 11 6 12 
321 /)22 



jll 
321 



e 
e 



322 



1- 



for J\f=2 and 



T-l 



311 
321 



314 
321 



-1 

1 



321 



311 
T21 



-1 

1 



/ -1 \ 

10 

-1 

V o o i o / 



(4.23) 



(4.24) 



(4.25) 



for A/"=4. The last equation can also be written in components as 

r-i(6 ai ) 

where there is a summation over (3 and j. The same definition applies to rjf: 



_ £ a(3 T i 6 f3j 



'V;',// 



(4.26) 



(4.27) 



2 For the definition of A", see section ET1 
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In general, we define furthermore t(^ 1 ^ 2 ) = t(^ 1 )t(^ 2 ) for the product of any two Grafimann 
variables 23 . These conventions imply 

# = -- (4-28) 

for any Grafimann variable £. 

Using the involutions (|4.21|) and (|4.22|) . we can impose the following Majorana conditions on 
the odd variables 9 ai and r/f: 

Tl (e ai ) = 9 ai and Tl {r ] f)=r 1 ? ^ 9 2i = 9 U and rj} = fft , ( 4 - 29 ) 
To (6 ai ) = 9 ai and T (r]?) = r/f «» fl ai = 6 ai and r/f = r/f . (4.30) 

For the Euclidean case (|4.24j) - (|4.27|) . the reality conditions 

T_ l (9 ai ) = e ai and T- 1 (jif t ) = V? (4-31) 

can be read off from Q4.24JI and (|4.25f) for Af=2 and 7^=4, respectively. For instance, for J\f=2 we 
have 

e 22 = -e 11 and e 21 = e 12 . (4.32) 

Imposing the reality conditions (|2.1Hj) or (|2.17j) on x aa and corresponding conditions from (|4.29jl - 
Q4.32|) on 9 m and r/f, we obtain real chiral coordinates xf^ and x^P for all three real structures. 
Note that contrary to the Minkowski signature (3, 1), the variables 6 m and r/f are independent for 
both signatures (4,0) and (2,2). 

We concentrate now on the real cases defined by the involutions t\ and T-\. Note in advance 
that complexified self-dual AA-extended SYM theory can be described by the diagram l|4.fi|) with 
coordinates (x'r*, r/f ) on -M 4 ^^ and (z±, X^, rrf) = (x^X^, , r/f X^) on V 3 ^ . After imposing the 
reality condition (|2.16|) and (j4.29|) or (|4.31|) . the coordinates (xf^,r]f) belong to the real anti-chiral 

superspace IR 4 ' 2 -^ =: of real dimension 24 (4|2JV). We keep the coordinates A^ complex 25 

and therefore the supertwistor space V 3 ^ has complex dimension (3\N). 

For coordinates x^* satisfying (|2.16|) . the vector fields ()4.19|) and 

V? = d~x ± (4-33) 

can be identified with bosonic vector fields of type (0, 1) on V 3 ^ similar to the vector fields ()2.25j) 
and ()2.26|) on "P 3 ' . In the Euclidean case, this is due to the fact that as a real supermanifold, V 3 ^ 
is diffeomorphic 26 to the space 

v z W * n f" x CP i = ^(Tlf^) C jf M , (4.34) 

where tti is one of the projections in the diagram (|4.6[) . In other words, the map 7T2, restricted to 
■K^ilZ 4 ^ ), is one-to-one (cf. (|2.19|) for the purely bosonic case). Moreover, (|4.20|) become odd 
23 See appendix B. 

24 Note that in Minkowski signature, chiral and anti-chiral superspaces are always complex. 

25 In the Euclidean case, there are no fixed points of r_i on the Riemann sphere CP 1 B (A J) and therefore A J 
must be complex. The case of signature (2,2) is discussed in the appendices C and D. 

In the case e = +1 (and also for the real structure to), there is a diffeomorphism of an open subset V m of P 3|Af 
onto the space Tl^ M x (CP^S 1 ). See appendix C for more details. 
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vector fields of type (0, 1) on "P 3 !-^ annihilating all complex coordinates on this space. For example, 
for ri-real vector fields with |A±| 7^ 1, we have 

d\ = r- = -A- - A+-^- , (4.35) 

d^rjf = and S\r)+ = j^Sj , (4.36) 

where r/f = rjj + \+f]} and 7+ is given in (|2.24|) . Similar formulae can be written down for r_i-real 
and ro-real cases. Thus, in the real setup, the double fibration Q4.6|) simplifies to the nonholomorphic 
fibration 

n . V W n f*r ; (437) 

where (3|jV) stands for complex and (4|2JV) for real dimensions. Fibres over a point (xr, if) 6 T^r^ 
in the fibration H4.37j) are real holomorphic sections <CP 1 XR rj '^V^ described by (|4.5|) with real 

{XR,r]) G . 



5. The supertwistor description of self-dual AA-extended super 
Yang-Mills theory 

Super self-duality for extended supersymmetry. Self-dual Yang- Mills (SDYM) fields on IR 4 ' 
and R 2 ' 2 are solutions to the self-duality equations 

F^u = \^v P *FP° or F = *F, (5.1) 

which is equivalently written in spinor notation as 

fa/3 := ~~ 2^ ^ota-^-pp — dppA a a + [A aa , A^^\) = . (5-2) 

Solutions to these equations form a subset of the solution space of Yang-Mills theory. Thus, a 
possible supersymmetric extension of the self-duality equations can be obtained by taking the full 
set of SYM field equations and imposing certain constraints on them. These constraints have to 
include ()5.1|) and keep the resulting set of equations invariant under supersymmetry transforma- 
tions. This works for SYM theories with J\f < 3, and the field content of the full A/"-extended 
SYM theory splits into a self-dual supermultiplet and an anti-self-dual supermultiplet. For J\f=4, 
the situation is more complicated, as the SYM multiplet (f a /3, X ai ^ 4> %3 ■> Xai, fad)' wnere the fields 
have the helicities (+1, +5,0, — |, —1), is irreducible. By introducing an additional field with 
helicity -1, which takes in some sense the place of f^, one can circumvent this problem (see e.g. 
[351 HO _). Using this field, one can even obtain the TV =4 super SDYM equations of motion from 
an action principle |35| . Note that although the field content appearing in the corresponding La- 
grangian is (/a/3, x m , <^ IJ iXai, f a p '^0/3)5 f a /3 vanishes due to the SDYM equations of motion and 
the supermultiplet of non-trivial fields is (f a /3, X a% ■• 4> % K X&i, G a h)- These degrees of freedom match 
exactly those of the full 7V=4 SYM and often - by a slight abuse of language - it is stated that they 
are the same. Following this line, one can even consider the full M=A SYM theory and 7V=4 SDYM 
as the same theories on linearized level, which are only distinguished by different interactions. 

For all values < N < 4, supersymmetrically extended self-dual SYM theories can be nicely 
described in terms of twistor theory, which will be shown in this section. 
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Holomorphic bundles and gauge potentials. The twistor description of complexified self- 
dual AA-extended SYM theory is known and based on the diagram (|4,12|) (see e.g. (21113011311) or 
(implicitly) on the diagram (|4.6|) (see e.g. [33 EH]). Here, we consider self-dual A^-extended SYM 
theory in the real setting based on the fibration (J4.37|) . Namely, let us consider a holomorphic 
bundle £ over the supertwistor space V 3 ^ = U + U U- without ^-grading on the fibres and with 
the coordinates (|2.1|) . (|4,1|) . As usual, the bundle £ — > V 3 ^ is defined by a holomorphic transition 
function annihilated by the vector fields (l4~T9l . (l4~271 . ljl~33l of type (0, 1) on V 3 ^ , 

V+f+- = 0, (5.3) 

d- x+ U~ = (5.4) 

and 

d\U- = . (5.5) 

Further, it is assumed that the restriction of £ to any projective line CP^^^-'P 3 '"^ is holo- 
morphically trivial and therefore there exist regular matrix- valued functions ^^(x^, A+, r]®) on U+ 
and ip-(x R ^ 1 , A_,r/f ) on U- such that 

/+- = #pV- (5.6) 

and 

d- x± 4>± = • (5.7) 

This trivialization is similar to (|3,2|) . (|3.3|) in the purely bosonic case, and using arguments identical 
to those from section 3, one can introduce matrix-valued components of a gauge potential, 

(5.8) 
(5.9) 
(5.10) 

where (x R ,r]) = (x^P,r/"), and a linear system 

(V+ + A+)^+ = 0, (5.11) 
d- x J + = 0, (5.12) 

{B\ + A\)^ + = (5.13) 
of differential equations equivalent to the existence of holomorphic sections of the bundle £. 
Super self-duality. The compatibility conditions of the linear system (|5.11|) - (|5,13|) read 

[Vad, V^] + [V Q/3 , V^] = , [VI, V^] + [Vj, V„ d ] = , {V l d , Vj} + {V^, Vi} = , (5.14) 
where we have introduced covariant derivatives 

V a6c := + Aaa and Vi := d| + A\ . (5.15) 

The compatibility conditions 1)5.14(1 suggest the introduction of the following self-dual super 
gauge field strengths: 

[V«d, V^] = e^f aP (x R ,r)) , [V J d , V^] = s^f p (x R , V ) , Vj} = e^P(x R ,rj) , (5.16) 



.4+ 




J.4 














= ii-d-^Z 1 = , 






j.4 


= = 


= ^-^Z 1 = A^(x R ,r / ) , 
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where f %3 is antisymmetric and f a a is symmetric. 

Let us focus on the case Af=4 and discuss the cases AA<4 later on. The set of physical fields for 
A/"=4 SYM theory consists of the self-dual and the anti-self-dual field strengths of a gauge potential 
A a a, four spinors x a together with four spinors Xai ~ e ijkiX^ 1 of opposite chirality and six real (or 
three complex) scalars </) i3 = For J\f=4 super SDYM, the multiplet is joined by an additional 
spin-one field G.„ ~ £akiG tjkl , as discussed before. Now the above super gauge field strengths 

contain in their expansion exactly these fields. The lowest component of f a g, f % a and f 13 will be 
the SDYM field strength, the spinor field x a an d the scalars respectively. By using Bianchi 
identities for the self-dual super gauge field strengths, one obtains [3U] successively the superfield 
expansions and the field equations for the physical field content , 

fa/3 = ~ 2 £ ^ — d^^A aa + [A aa , A^^\ ) = , 

v««x ai = , 

a^ + 2e{ X m ,xi} = 0, (5-17) 
V a< ,x &ljk -e[xl^ k] ] = 0, 

s^V aa Gf l] + I2e{xl xf } - 18e , V^] = , 

where □ := V Q( iV aa and the antisymmetrizations are defined to have weig ht 28 one. Note 

that by construction, all fields depend on the coordinates x^*. As we will see soon, (j5.17|) is in some 
sense an AMndependent formulation jlU] of the field equations of super SDYM theory in which the 
cases AA<4 are governed by the first AA+1 equations of l|5.17j) . where = is counted as one 
equation and so on. In the case A r =4, one can introduce "dualized" fields 

^•:=^ H , X? ■= ^ m r jkl and G &$ := ^ m G^ , (5.18) 
for which the equations of motion take the form: 



(5.19) 

After rescaling some of the fields as 

11 13 

Xa -> ^X a , <P 3 — ^f 3 . Xai -> ~^Xai , -» -G^ , (5.20) 

the equations (j5.19j) are the field equations of the Lagrangian for AA=4 self-dual SYM given in [2] . 

Gauge equivalent trivializations. We have described the twistor correspondence between holo- 
morphic bundles £ over the supertwistor space "P 3 '"^ trivial on projective lines in "P 3 '"^ and so- 
lutions to the field equations of self-dual AA-extended SYM theory on the space IR 4 with metric 
= diag(— e, — e, +1, +1). The derivation of the A"=4 super self-duality equations (|5.17|) is 

27 The fields are scaled to match the discussion following 15.33H . 15.341 . 

28 So [ijk] := ijk + jki + kij — kji — jik — ikj and [ijkl] is obtained by contracting with e^ki- 



faP = > 
VaaX™ = , 

D^ + 2e{ X ai ,xU = 0, 
V aa xf-2e [xiAij] =0 , 

e^V aa G ,s + Ss{xi,Xsi}- 
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based on trivializations of £ over U± such that eqs. (|5.7|) and therefore (|5.9|) is satisfied. However, 
there are other convenient trivializations of £ over IA± such that the compatibility conditions of 
the corresponding linear system are described by holomorphic Chern-Simons theory ^ [2] on the 
supertwistor space. Namely, since restrictions of the bundle £ to (2|7V)-dimensional leaves of the 
fibration 1)4,3)1 are trivial 29 , there exist r £ -regular 30 matrix- valued functions ifj± on U± such that 

/+- = i>+ V- = v*; 1 ^- (5-2i) 

and 

&±%± = . (5.22) 

This implies ip± = 4>±(x c ^ t , X±, A±, r] i ). These trivializations are analogous to the trivializations 
(|3.16|) - (|3.22|) in the A^=0 case. Note that similarly to (|3.28|) in the purely bosonic case, one can 
also choose the trivializations ^±{z%, \±,\±,r]f) but we will not consider them here. 

Linear system. It follows from (|5.21|) that 

ip := = ip-^Z 1 (5.23) 

is a matrix-valued function (superfield) generating a gauge transformation 31 

iP ± ^ V> ± = p-y± , (5.24) 
At ^ Ai = <p- 1 Ai<p + <p~ 1 V± i p = $±V±i>i 1 , (5.25) 
= A- X± -> A- x± = tp-^tp = ^P±d- x J^ , (5.26) 

A% ^ A\ = (p~ l J^p + ^d^ip = V-idiV-i 1 = , (5.27) 

where we used 1)5.7)1 . Thus, we obtain the linear system 

(V+ + A+)i>+ = 0, (5.28) 
(d- x+ +A X+ )i> + = 0, (5.29) 

= , (5.30) 

which is gauge equivalent to the linear system 1)5.11)1 - 1)5.13)1 . For if)_ we have similar equations, 
which are obtained by changing "+" to "-" in iJETSBjl - ljOn)! . In the case A/"=0, this linear system 
coincides with l)3~3T)> . (ET221 . 

Super hCS theory. The compatibility conditions of the linear differential equations 1)5. 28)1 - 1)5.30)) 
are the field equations of hCS theory on the supertwistor space 32 . On U + they read 

+ = 0, (5.31) 

dx + At-V+A- x+ + [A- x+ ,Ai] = (5.32) 



Note that fibres <D% over A <E CP 1 in the fibration V iW -> CP 1 are exactly the /3fl-superplanes introduces in 
section 4. Super self-duality is equivalent in the discussed superfield formulation to flatness of super Yang-Mills fields 
on these /^R-superplanes. 
30 See the definition on p. 6. 

31 The function <p is T>-regular, and in particular, it can be singular on VoM '■= P 3 ' Af ||A ± |=i hi the Kleinian case 
e = +1 , see appendix D. 

32 More accurately, in the case e = +1 (and also for the real structure to) A ' 1 (and thus hCS theory) is defined 
only on the subset P 3 ^ of P 3 '-^ for which |A±| 7^ 1. See appendix D for more details. 
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and similarly on IA_ . Here and A\ are functions of (x R a , A + , A + , -qf ) . These equations are 
equivalent to the equations of self-dual AA-extended SYM theory on R 4 which form a subset of 
equations (|5.17|) . As already mentioned, the most interesting case is AA=4 since the supertwistor 
space P 3 ' 4 is a CY supermanifold and one can derive equations (j5.31|) . (|5.32|) from a manifestly 
Lorentz invariant action |2l I39|. For this reason, we concentrate on the equivalence with self-dual 
SYM for the case Af=4; for other values of M, the derivation goes along the same lines. 

Recall that A a and A\ are sections of the bundles 33 0(1) <8> C 2 and 0(— 2) over CP 1 since the 
vector fields in Q5.25[) take values in 0(1) and the holomorphic cotangent bundle of CP 1 is 0(— 2). 
Together with the fact that r/^'s take values in the bundle 110(1), this fixes the dependence of A^ 
and A\ ± on A± and A^. In the case /V=4, this dependence takes the form 

At = \%A a& {x R ) + 4^ a {x R ) + 1+ ^4r i y\%^{x R )+ (5.33) 
\ + = 7+ vtrf 4> ij {xR) +7+^ vtrfvt K xt k ( x R) + (5-34) 

and similar for A~,A\_. Here, again, A aa , x a i <t> lJ > Xai is the ordinary field content of AA=4 
super Yang-Mills theory and the field G aj j is the auxiliary field arising in the A/"=4 self-dual case, 
as discussed above. It follows from 1)5.32(1 - 1)5. 34j) that 34 

& = -V^, X^ = ~^ a{a ^ and = ~ , (5.35) 

i.e. these fields do not contain additional degrees of freedom. The expansion 1)5.33)) . (|5.34j) together 
with the field equations (|5.31j) . (|5.32|) reproduces exactly equations (|5.17() . 

Consider now the cases Af<4. Since the rjf's are GraBmann variables and thus nilpotent, the 
expansion (|5.33f) and (|5.34|) will only have terms up to order J\f in the tj^'s. This exactly reduces 
the expansion to the appropriate field content for TV-extended super SDYM theory: 

TV = A a& (5.36) 

M=l A aa , xi with i = l (5.37) 

M = 2 Aaa, xi, <P [ii] with i,j = 1,2 (5.38) 

TV =3 Aaa, xi, 4> M , xT ] with = 1,2,3 (5.39) 

A/- = 4 Aa & , Xi, 4> [ij] , X l t ] , G^f 1 with •,i,... = l > ...,4. (5.40) 

One should note that the antisymmetrization [■] leads to a different number of fields depending on 
the range of i. For example, in the case M=2, there is only one real scalar eft 12 , while for A/"=4 there 
exist six real scalars. Inserting such a truncated expansion for A/*<4 into the field equations (|5.31j) 
and Q5.32|) . we obtain the first M+l equations of (|5.17|) . which is the appropriate set of equations 
for jV<4 super SDYM theory. 

To sum up, we have described a one-to-one correspondence between gauge equivalence classes 
of solutions to the AA-extended SDYM equations on (R 4 ,g) with g = diag(— e, — e, +1, +1) and 

33 The bundle 0(n) is the complex conjugate to 0(n). 



34 



We use the symmetrization (•) with weight one, e.g. {a(3) = a(3 + (3a. 
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equivalence classes 35 of holomorphic vector bundles £ over the supertwistor space 'P 3 '^ such that 
the bundles £ are holomorphically trivial on each projective line <CP\ R „ in . In other words, 
there is a bijection between the moduli spaces of hCS theory on V 3 ^ and the one of self-dual 
A/"-extended SYM theory on (IR 4 ,g). It is assumed that appropriate reality conditions are imposed. 
The Penrose- Ward transform and its inverse are defined by the formulas (|5.33f) - (j5.35|) . In fact, these 
formulas relate solutions of the equations of motion of hCS theory on P 3 \N to those of self-dual 
AA-extended SYM theory on (R 4 ,g). One can also write integral formulae of type (|3.25j) but we 
refrain from doing this. 



6. Dual supertwistors and A^-extended anti-self-duality 

Coordinates. In section 4, we described the supertwistor space <CP 3 ^ as the space of (1|0)- 
dimensional subspaces in the space C 4 '-^. Its dual supermanifold can be defined as a space of 
(3|A/")-dimensional planes in C 4 '^ parametrized by homogeneous coordinates (fi a , a a ,6 l ) subject 
to the identification (fj, a ,a a , 9 l ) ~ (tfj, a ,ta a , tO l ) for any nonzero complex number t. We again have 

the supermanifold 36 CP* 1 ^ and the space vf N = <DPl lAf \CPl W = (0(1) 0(1))*'^ = V+ U V_ 
with coordinates 

w% = — , wi = C+ = — and 0\ = — on V+ , (6.1) 
/ii Ml Mi 

= — , w 3 _ = C- = — and 81 = — on V_ , (6.2) 

M2 M2 M2 

w% = C + w« , C+ = C 1 , 0\ = C+et on V + n V_ . (6.3) 

Note that £± are coordinates on the patches V± = V± H CP* covering the base d ' CP£ = <DPV 
of the holomorphic vector bundle 

r 3\Af ^ Cjp l|0 (6 4) 

Sections of this bundle (degree one holomorphic curves CP^ g^P*' ) are defined by the equations 

wi = xtut , ^ = a ^t with (/z+) = C ^ ) , GO = C C - ] , (6.5) 



and parametrized by supermoduli (xl,6) = {xj^,6 ai ) G (C 4 ! 2 -^ =: .M^' 2 ^. Real sections are 
obtained by imposing the reality conditions (|2,16l) or 1)2.17(1 . We denote the space of such sections 
by Tlf N (= R 4 ! 2 ^). 

Similarly to the supertwistor case, we can introduce a fibration 

Tf N - CP 1 ^ (6.6) 



35 Two holomorphic bundles (£,/+_) and {£' , f\ ) over are called equivalent, if there exist regular matrix- 

valued functions h+ and h- , which are holomorphic on IA+ and U- , respectively, such that the transition functions 
/-I and f' + _ are related by f + _ = h~7 f+-h-. 

36 We use the subscript * to denote the dual supertwistor space, its subspaces and its preimages under projections 

7T2- 

37 Recall that we use the subscript * in CP* for distinguishing this Riemann sphere with the coordinates f± from 
the Riemann sphere CP 1 with the coordinates X±. 
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whose holomorphic sections CP^^^V^ are defined by the equations 

w% = xfnt ~ 2r/?4 (6.7) 

and parametrized by supermoduli (xr, rj) = (x^ ,rjf) € C 4 ' 2- ^ =: M 4 ^ 2 ^ . The real subspace Tt^^ 
was considered in section 4. So for dual supertwistors, we can again introduce double fibrations 
similar to If4.fi j) and (j4.8f) simply by substituting the spaces jf", and by the spaces 

?T ■■= Mf M x CPl := Mf N x CP^ and Vl W D CP*, respectively. 

From (f6.5|) and (f6.7|) , we obtain again formulas (|4.9|) , (|4.10f) and the equations 

w% = (i™ + 9 ai ri?)n± and 0* ± = d ai ^ (6.8) 

defining projective lines CP l x Q rj '-^T > t^ parametrized by supermoduli (x,9,rf) = (x aa , 9 ai , rjf ) € 
C 4 ' 4 ^". Via the dual supertwistor correspondence, a point p = (w±,(,±,9j±) E P*' corresponds to 
a totally null at-, ocr- or a-superplane in M^ 2 ^ , A^ 2 "^ or C 4 ! 4 ^ with dimension (2|A/), (2|2A0 
or (2|3A/), respectively. 

Vector fields. Using (ffi,8|) and (|b.5|) . one can introduce a double fibration 

■piW (Tj4|4JV (6.9) 

for the complex nonchiral case and the fibration 

in the case of (x aa ) and (6 m ,rjf) satisfying the reality conditions induced by r £ as discussed in 
section 4. The superspace C 4 ' 4 ^ and its real subspace TZ^ 2J ^ are the same as in section 4 and 
parametrized by the same coordinates. We have coordinates 

(x a& ,^,e ai ,r,i) on (6.11) 
(xf^,^,^) on P» 3|A/ " (6.12) 

with obvious projections in the fibrations 1)6.9(1 and l|6.1U|) . 

It is not difficult to see that the tangent spaces of the (2|3A/)-dimensional leaves of the projection 
7T2 : — > P*'^ from (|6.9j) are spanned by the vector fields 

Di = di + e ai d a& , (6.i3) 

Df = ^D ai with D ai = d m + V fd a a , = (~£+Y {lit) = ( ~ l \ , (6.14) 



and 



V± = l£d% & with d^ = ^. {(,]:>) 



L 
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In the real case, when the coordinates {xf^ , 6 ai ) belong to the real chiral superspace T^' 2 "^, 
we have the fibration l|6.10j) . and the vector fields (|6.15j) and 

Vf = d- c± (6.16) 

can be identified with bosonic vector fields 38 of type (0,1) on V*^ similar to the vector fields (|4. 19|) 
and (|4.33|) as discussed in section 4 for the self-dual case. As an odd vector field of type (0,1) on 
we have 

df = nl— — on V+ and B~ = on V_ . (6.17) 

These bosonic and fermionic vector fields of type (0,1) on annihilate all complex coordinates 
flUID , (fOll (or, equivalents, (j6~K|l ) on P* 3|Ar . 

Anti-self-dual gauge fields. Consider a holomorphic vector bundle £ over the space V*^ = 
V + U V_ defined by a transition function /_) on V + n V_. On V*^ , we have 

F+/+_ = 0, %/+_=0 and 9+/+_=0 (6.18) 

since /_| is holomorphic. Let us consider trivializations ?/>± over V± similar to (|5.6() and (|5.7|1 . i.e. 

such that 

/ + _ = #T_V- and a f± V± = . (6.19) 
From these equations, we obtain matrix-valued components of a super gauge potential one-form, 

At := V+^A = V+t^; 1 = 4>-V^Z l = »%A a a{x L ,0) , (6.20) 
A- c+ := B^A = = iJ-d^JZ 1 = , (6.21) 

Af := B+^A = ^+B+^+ 1 = ii-d+^Z 1 = ^A ai (x L , 6) , (6.22) 

and a linear system 

(V+ + At)i> + = 0, (6.23) 

= 0, (6.24) 

(Bf + Af)^+ = 0, (6.25) 

where the last equalities in (|6.20|) and 1)6.22(1 follow from the generalized Liouville's theorem on 
CP„. The compatibility conditions of the linear system (|6.23|) - (|6.25j) read 

[V ad) V^]+[V^,V a/ 3] = 0, [Vai ) V^] + [V/3i,V a 4]=0 1 {V ai ,Vp j }+{V/ 3i ,V aj } = 0, (6.26) 

where we have - as before - introduced covariant derivatives 

Vaa ■= daa + and V ai := d ai + Aaei ■ (6.27) 

Equations (|6.26ft are the anti-self-dual A/"-extended SYM equations in superspace formulation 39 . 

38 In the case e = +1, this identification only holds for = T 3 *'"^ 

l|C±l#i 

Note that fibres <CJ over C e CPl in the fibration JOJ are the oa-superplanes introduced in section 5. From 
16. 231 1- 116. 26t it follows that Af -extended anti-self-duality in superfield formulation is equivalent to flatness of super 
Yang-Mills fields on these complex (2|A/")-dimensional a^-superplanes. 
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As in the self-dual case, one can rewrite (|6.26|) in component fields. The full set of equations of 
motion for AA=4 is 



1 

Vodxf = , 

□0 ii + 2e{xf,Xdi} = O, (6.28) 

^aaXijk - e \Xa[h 4>jk]] = , 

£ al ^aaGjS[ijkl] + l 2e {Xd[i> XSjkl] } ~ ^[^[ij > ^Sa^kl]} = , 

and the cases A/"<4 are governed by the first jV+1 equations. 

Gauge equivalent trivializations. One can again consider trivializations similar to (|5.21|) . (|5.22|) 

and transform the linear system ()6.23|) - (|6.25|) to a gauge equivalent linear system. Namely, there 
exist r £ -regular matrix- valued functions ip± on V± C V* such that 

/+- = V>+V- = i>+H- and Bf^ ± = with Bf := ii%d ai , (6.29) 

and therefore the matrix- valued functions 

ip := ^+i>+ 1 = ip-^Z 1 (6.30) 

generate gauge transformations 

(6.31) 
(6.32) 
(6.33) 



(V£ + At)$+ = °> (6.34) 

(% + +%)^+ = 0, (6.35) 

8?$+ = 0, (6.36) 

the compatibility conditions read 

nA + $ -V+Ai + [Af,Ap = 0, (6.37) 

d< + Ai - V+A^ + + [A^,A£] = . (6.38) 

The dependence of A£ and Aq on £ + and C+ is fixed by their transformation properties similarly 
to the self-dual case (jf>,33jl and (|5.34|) . Namely, for A/"=4 we have 

At = V+A a a{x L )+d\xUxL) + v+^0\6{fLlct) a ^ J (x L )+ (6.39) 





- At = 




l Aip + p~ l V^ = ^ ± V^ ± l , 




- i c - ± = 












1 Af<p + p- l df v = = 


em 40 









% = ^^V^+^'(^) + ^^V^+/ i +X^(xL)+ (6.40) 



"'On V_, the equations are similar. 
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where 

0+) = ( "i + ) . (£+) = ( 4+ ) and v+ = 1 C+ G V+ C CP * • (6 " 41) 

Substituting (|6.39|) and (|6.4UI) into the field equations (|6.37f> and (|6.38f) of hCS theory on the 
supertwistor space P 3 ' 4 , one obtains the field equations (|6.28|) for 7V=4. The appropriate truncation 
for 7V<4 is done exactly as in the self-dual case: from the nilpotency of the #+'s it follows that there 
are less fields in the expansions (|6.39|) and (|6.4U|) . which, in turn, yields the first equations of 

(Hnnj). 

Again, we have described a one-to-one correspondence between gauge equivalence classes of 
solutions to the A^-extended anti-self-dual Yang- Mills equations on (R 4 , g) and equivalence classes 
of holomorphic vector bundles £ over the dual supertwistor space P 3 '"^, analogously to the self-dual 
case. The Penrose- Ward transform here is given by the formulas (|6.39|) - ([6.40[) . 



7. A quadric in a product of supertwistor spaces 

Coordinates on P 3 ' 3 x P 3 ' 3 . Let us fix M=3 and consider the direct product P 3 ' 3 x P 3 ' 3 of 

o I o 3 1 3 

supertwistor spaces which is an open subset in the supermanifold (DP 1 x CP* ■ This subset can 
be covered by four patches U a , a = 1, 4, defined as 

Ui := W + xV + , U 2 ■= M-xV + , U ?J := W + xl, U 4 := U- x V_ , (7.1) 

qlO 3I3 

where U± and V± are coordinate patches on P 1 and P* , respectively, described in sections 4 and 
6. Thus, we have 

P 3|3 xP« 3|3 = (jti4 (7.2) 

with coordinates 





A (i) _(i) 
A d i ' 


-fi) 


J Ma 


' 0(1)) 


= (z? 




+ a 
^ . ^+ 


. /4 


,0V) 


on 




( Z (2) ■ 


A (2) (2) 
A d J , 


«$) 


« (2) 
i Ma 


> 0(2)) 


= (z2 


' A a ' 


Vi , < 


> /4 


,0V) 


on 




( Z {3) : 


x(3) (3) 


*4) 


« (3) 
> Ma 


' 0(3)) 


= (*? 




+ a 

Vi ! W - 


. Ma 


,0i) 


on 




( Z {4) ■ 


A (4) (4) 
A a > > 


4) 


j Ma 


> 0(4)) 


= (z Q 


> A a ) 


C , ™- 


, Ma 


,ei) 


on 




>ty intersections 
























U\C\U 2 = 


(W+ 




) x V+ 




= X 


(V+l 


1V-) 








u 2 r\U 4 = 


W_ : 


<(V+ 


n v_) 




nz2 4 


= (w + nw_) 


x V_ 








u 1 nu 4 = 


(W+ 




)x(V 4 


.ni; 




>n4 , 











(7.3) 



(7.4) 



these coordinates are transformed in an obvious way which follows from the transformations of the 
coordinates on P 3 ' 3 and P 3 ' 3 . Recall that the coordinates Q7.3|) are obtained from homogeneous 
coordinates 

[u a , Aa, vr, Ma, l \ (7.5) 

on (DP 3 ' 3 x (DP*' 3 . 
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A quadric. Let us consider a quadric L 5 ' 6 in CP 3 ' 3 x CP*' 3 denned by the equation 41 

w> a - a & X a + 26% = . (7.6) 

Consider also an open subset £ 5|e in L 5 ' 6 denned as the quadric L 5 ! 6 n (P s|3 x P*' 3 ) in P 3 ! 3 x P*' 3 . 
The super manifold £ 5 ' 6 is covered by four patches 

W tt :=W a nl 5 l 6 , C 5 \ 6 = [j a=1 U a , (7.7) 

and defined on U a by the equation 

^-^f+Ha)^ =0, (7.8) 
where no summation over the index a is implied. 

Note that one can introduce a holomorphic projection 

p: £ 5|e -> CP 1 x CP* (7.9) 

with (3|6)-dimensional fibres. Then £ 5 ' 6 can be identified with a quotient bundle whose body £ 5 
is 

£ 5 = (0(1,0) ©0(1,0) ©0(0,1) ©0(0,1)) /0(1,1) . (7.10) 

Here 0(n, 0) is the bundle O(n) over the projective space CP 1 with homogeneous coordinates [X a ], 
0(0, n) is the bundle O(n) over the projective space CP* with homogeneous coordinates [fj, a ] and 
0(m, n) is the line bundle 0(m, 0) (8) O(0, n) over CP 1 x CP 1 . The quotient by 0(1, 1) arises from 
the quadric condition l|7.8j) (see e.g. |S1])- The base CP 1 x CP* of the fibration 1)7.9(1 is covered by 
four patches 

V a := U a PI (CP 1 X CP 1 ) (7.11) 

with coordinates (X( a \,0 a \) on an open set V a C CP 1 x CP 1 . Recall that £ 5 I 6 = U„=i U * and 





= (1, A (1) ) 


= (1,A+) , 


(a? } ) t 


= (A (2 ) , 1) 


= (A- 


,1) 


(Af) T 


= (1, A (3) ) 


= (1,A+) , 


(a! 4) ) t 


= (A(4) , 1) 


= (A_ 


,1) 


(^) 


r = (1, Ccd: 


• = (1,C+), 




" = (1 S C(2)) 


= (1, 


C+) 


(^ 3) )~ 


r = (c ( 3) , i: 


' = (C- , i) , 


(^ 4) ) T 


" = (C(4) , 1) 


= (C- 


,1) 



(7.12) 

We denote by z£\ with A = 1,2,3 bosonic coordinates on the fibres over V a in the bundle (|7.9|) . 
Additionally, we use odd variables and rjf as the fermionic coordinates on these fibres. 

Moduli of complex submanifolds. Holomorphic sections over V a of the bundle (|7.9|) are spaces 
£j° jTj 9* CP 1 x CPi defined by the equations 

Z {a) — X R A a ' W (a)— X L Ma i y (a) ~ y Ma > 'Ti ~ A a Wltn l A d ' Ma J fc K a • l'- 1 -^ 

These sections are not independent due to equation (|7.8|) . which is solved by the choice 

x «d = x aa _ Qai^a &nd ^« = ^« + flai^ _ (7.14) 

The space CP?J 3 is the space of (3|3)-planes in C 4 ' 3 . Each such plane is naturally described by a ray, i.e. a 
(l|0)-dimensional subspaces of C 4 ' 3 , orthogonal to the plane. Thus the space CP 3 ' 3 is biholomorphic to CP 3 ' 3 , 
which is the space of rays in C 4 ' 3 . The quadric is exactly the appropriate orthogonality condition between elements 
of both projective spaces. 
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We may choose three independent functions from z?n = x^X^ and = xff'fjia and raise them 
to the coordinates on the fibres. The local sections (|7.13j) are properly glued on V a Pi 7^ 
and therefore define a global holomorphic section of the bundle (|7.9j) parametrized by supermoduli 
(x,0,r)) = (x adl , 9 ai , r]f) G C 4112 due to (TTTl) . 

Equations (|7.13f) with a = 1, ...,4 define a supertwistor correspondence between £ 5 I 6 and C 4 ' 12 
via a double fibration 

j*\ 12 

7T2// \tTi 

£5|6 (C 4 ! 12 (7-15) 

where JT 6 I 12 := C 4|X2 x CP 1 x CPj. Namely, a point {x,0,rj) G C 4 ! 12 corresponds to 

4!S,„ = ^(tt^x.M)) - CP 1 x CP^£ 5 I 6 (7.16) 

and a point £ G £ 5 ' 6 corresponds to a (l|6)-dimensional super null line (an intersection of the a- and 
/3-superplanes described in the previous sections) 7ri(7r 2 _1 (^))^C 4 ' 12 . Note that for the coordinates 
()7.3|) satisfying the quadric equation ()7.8|) , we have [3^ 

sg^i* . ^ = Ai a) , 7T>f a) = x^/iW , vr 2 >W = ^), 
= and nir&O = V f a£° , (7-17) 

where ^2 means the pull-back to JF 6 ! 12 . The supermanifold jF 6 ! 12 is covered by four patches 

U a = C 4112 x V a (7.18) 

with coordinates 

(x a& ,e ai ,nf , X^,^) equivalent to (x ai , 0" , r/f , A (o) , C(«)) • (7-19) 
This supermanifold is obviously projected onto C 4 ' 12 with coordinates 

(x™ , 9 ai , ri?) (7.20) 

and onto £ 5 ' 6 with coordinates 

z (a) — X i? A d i A a > — r li A a anct ^(a) ~ X L Ma > Ma ) y (a) ~ P Ma > U- 2i J 

which are not all independent but equivalent to \ a ), C( a )i ^L)' 7 ?! )• Note that we are consid- 
ering the complex superspace C 4 ' 12 . Appropriate reality conditions will be discussed later on. 

Vector fields. The tangent spaces to the (l|6)-dimensional leaves of the fibration 

TT 2 : ^ 6|12 £ 5|e (7.22) 

from ()7.15|) are spanned by the holomorphic vector fields 

W {a) := M? a) Af a) cU , (7.23) 

D U=^a)Di and D\ a) = ^ a) D ai , (7.24) 

which are properly glued on U a DUb ^ ® global vector fields on JF 6 ! 12 . Here D a i and D\ are 
vector fields given by (|4.18|) and ()6.13j) . We shall also consider the antiholomorphic part 

d T = dx a «-^ + dX (a) -^— + dOrf-JL- + d6 ia jL- + dfj?-JL (7.25) 
dx aa (a > d\ (a) S(a) d( (a) d9* a h dfjf V ; 

of the exterior derivative d on U a . 
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8. Holomorphic Chern- Simons theory on the quadric 



Holomorphic vector bundles over £ 5 I 6 . For defining a holomorphic rank n vector bundle £ 
over one should consider a covering {U a } of £ 5 I 6 and a collection {f a b} of holomorphic n x n 
matrices (Cech 1-cocycle) on nonempty intersections U a (~1 Ub such that 

fab f be = fac (8.1) 

on W„nW),nW c / 0. We restrict ourselves to topologically trivial bundles £ — ► £ 5 ' 6 , i.e. those for 
which there exists a collection {V>a} of regular matrix- valued functions (Cech 0-cochain) such that 

fab = C^b (8-2) 

on any nonempty intersection lA a r\lA\,. Since f a \, is holomorphic on a trivialization of £ over U a , we 
have 

/ 6 = , d- X(a) fab = = <9 c - a) f ab (8.3) 

plus the trivial equations 

d d 
ac V) orfl 

Equations (|8.3|) and (j8.4|) imply that f a b is a function of the coordinates (zf^ , , rfc ) on £ 5 ' 6 . 
Equivalently, the / b's are arbitrary functions of the coordinates (|7.21|) restricted only by the 
algebraic equations (|8.1|) . However, if one finds a splitting (|8.2|) then 1)8.1 j) is automatically satisfied. 

From ((H2J and (JEH) it follows that 

i>ad 2 A ip' 1 = ^bd-^ j^ 1 =: A 2 a , (8.5) 

(a) (a) (a) 

tt w i 1 = w w i 1=: ^ w > ( 8 - 6 ) 
H^ 1= Mt.,4" 1=: i,- ( 8 - 7 ) 

where ^4 2 a , A\ and ,4a. are components of a (0, l)-form A ' 1 on £ 5 I 6 restricted to an open set U a 
and having zero components along d/d9i and d/dfff^ since we assume dtp a /d6 1 ,^ = d^ a /dfff^ = 0, 



i.e. 

10,1 



A v 



On nonempty intersections U a r\Ub, we have 



= A-a d^f a) + i X(o) dA (o) + A- ka) d( {a) 



and therefore ()8.5|) - ()8.7)) define the (0, 1) part of a global gauge potential on the bundle £ over the 
super manifold £ 5 ' 6 . 

Super hCS theory on £ 5 I 6 . Let us introduce the notation 

dc = dzf^ + dA w 0x w + dC W ^ (B) • (8.10) 

Then the definitions (|8.5j) - (|8.9|) of the super gauge potential i ' 1 = {A^} can be rewritten as a 
linear equation 

ds$ a :={dc + A {a) )i> a = (8.11) 
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on unknown regular matrix-valued functions 42 ip a for given 

Jtfp) _ A ' 1 ]^, a = l, ...,4. This linear 

equation reads in components as 

{d- zf +A 2 a W, = 0, (8.12) 

(a) (a) 

(% W +4 (a) )^ = 0, (8.13) 

(%)+%,)^ = °- ( 8 - 14 ) 
The compatibility condition of this linear system is the equation 

8 c A (a) + A {a) A A {a) = (8.15) 

which is simply the field equation 43 J 70 ' 2 !,, = of hCS theory on the supermanifold £ 5 ' 6 . 

A special gauge. Note that restrictions of a vector bundle £ — > £ 5 ' 6 to the fibres of the 
bundle Q7.9|) are holomorphically trivial since all these fibres are contractible. Therefore, there exist 
trivializations ij) a of £ over lA a such that 

f ab = fc 1 ^, = i)- 1 ^ on U a HU b ^0 (8.16) 

and 

0gA ^ a = on Z/ . (8.17) 

(a) 

From (|8.16l) and (|8.17l) . it follows that the globally defined regular matrix- valued function 

<p = = Mb 1 ( 8 - 18 ) 

on £ 5 ' 6 is an element of the group of gauge transformations, whose action yields 

(8.19) 
(8.20) 
(8-21) 

The linear system (|8.12[) - (|8.14|) is correspondingly transformed to 

d- z A i> a = , (8.22) 

(a) 

( 9 A (o ,+^A (a) )4 = 0, (8.23) 

(% ) +\ ) )t« = o, ( 8 - 24 ) 

which in coordinate independent form reads 

(Bc + A^)i> a = . (8.25) 

In this new gauge described by equations (|8.16j) - (|8.18j) . the field equations 

d c A {a) + A {a) A A® = (8.26) 



A 7 A V- 

Z (a) 


-» A 7 A 

z (a) 


= Mav 
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<p 
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= ipad- z A 

(a 


fi 1 - 










■ 1 +^A ( ^~ 1 


= 








= 
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= 





42 Recall that 7 S—ipa = — jzyipa = 0. 



utions to thi 

based on the equivalence of the Cech and the Dolbeault description of holomorphic bundles EH EH 



43 Note that solutions to these equations can be constructed via a generalization of the Riemann-Hilbert problem 
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of super hCS theory on £ 5 I 6 are simplified to the equations 

HA^=° = HA^ (8 - 27) 

and the equation 

on an open set V a = U a n (CP 1 x <CP]) C £ 5|e with gluing conditions 

\ a) *\a) + %) d C(a) = + \ b) dC (b) (8.29) 

on nonempty intersections V a fl H with a, 6 = 1, 4. Thus, three of five components of the gauge 
potential A ' 1 on £ 5 I 6 satisfying equation ()8.15j) are gauge equivalent to zero. However, even after 
transforming to the gauge (l8T9l - (ET2TI) the new gauge potential A ' 1 contains information on the 
extra dimensions by depending holomorphically on the coordinates zfi\, 9i\ and . Note that 
one can also choose {ip a } such that a linear combination of components A~a , say a component 

(a) 

A P(a) =X^hA^=X^ a) A- zta) (8.30) 
along a vector field X^ = X^-,8=a = do, s , will be nonzero. In such a gauge, one will have three 

W Z (a) F{ - a ^ 

nonzero components -^A (a)) >tf, . and Ap (a) , which may in principle be used for constructing an 
action of type (|1,2|) on the supermanifold £ 5 ' 6 . 



9. Supertwistors and the full A/"=4 super Yang-Mills theory 

In this section we shall consider Af=3 SYM theory which is known to be equivalent to the AA=4 
SYM theory when formulated on ]R . More explicitly, we shall consider the integr ability of super 
Yang-Mills fields on super null lines, which turns out to be equivalent to the equations of motion of 
AA=3 SYM theory [2^1 E01 EU 1121 |HH] , and its relation with super hCS theory on a (5|6)-dimensional 
supermanifold. 

Pulled-back bundle. Let us consider a holomorphic vector bundle £ — » £ 5 ' 6 and the pulled- 
back bundle tt^S over the supermanifold J 76 ! 12 with a covering {U a } given by (|7.18|) and (|7.19() . 
Pull-backs 44 of the transition functions {f a b} of £ to ~k\£ are constant along the fibres of 7T2, i.e. 

W^f ab = D\ a) f ab = D^f ab = , (9.1) 

and due to ir^dc = d^o-ir^, they also satisfy ir^dcfab '■= dj^f ab = 0, where dp is the antiholomorphic 
part (|7,25|) of the exterior derivative on J 76 ! 12 . On the pulled-back trivializations {V> a } from ()8.16j) 
and ()8.17|) . one can also impose the conditions 

W^ a = 0, Dl a) ^ a = and D^ a = (9.2) 

since the fibres of TT2 are contractible 45 . So, for ir^S we have transition functions {f ab } split as 
fab = fpa 1 ^ on U a fl U b C .F 6 ' 12 and satisfying equations (|9.1|) . Moreover, regular matrix-valued 
functions ipa s defining a trivialization of tx\E over U a satisfy (|9.2j) with a = 1, ...,4. 

44 For simplicity, we denote the pulled-back transition functions also by f a t, slightly abusing notation. The same 
holds true for functions ip a and ip a - 

45 The same conditions 19. 21 can be imposed on the pulled-back trivializations {4> a } from 18.21 . 
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Holomorphic triviality on subspaces. Let us now consider holomorphic vector bundles E over 
£ 5 ' 6 such that their restriction to any submanifold C^° d = CP 1 x CP* in £ 5 ' 6 is holomorphically 
trivial, or, equivalently, such that 7r|£ is trivial along the fibres of iri. For such bundles, there exist 
trivializations {ip a } of tt^S over U a such that 

fob = ip- 1 ^ = V~ Vft on U a r\U b ^0 (9.3) 

and 

^Va = 0, (9.4) 

i.e. the regular matrix- valued functions ip a are holomorphic in the coordinates on JF 6 ! 12 . It follows 
from (|OJ) that 

:= ^fo 1 = rp,,^ 1 (9.5) 

is a globally defined regular matrix-valued (super) function on JF 6 ! 12 which generates gauge trans- 
formations 

^ a ^^a = 4>i>a for a = 1, 4 , (9.6) 

such that 

J[(a) ^ ^(a) = + ^j^" 1 = (9.7) 

and 

^aDfafc 1 =: 4,) ~ >l{ a) = = V'a^V'a 1 = ^a)^ = *f«)4k(*> V) , (9-8) 

=M a) ^a 1 == A (a) -> A (Q) = = ^^ {a Va 1 = V^fVfc" 1 = Mfa)^(^, 9, T,) , (9.9) 

= : *V) ^ A«, (o ) = ^V" 1 = = ^W (a) ^ _1 = Mf a) Af a) A ad (x^,ry) , 

(9.10) 

where (x,9,rj) = {x aa , 9 m , 77"). Note that the last equalities in (|9.8|1 - I|9.1U|) follow from a genera- 
lized Liouville theorem on CP 1 x CP* which says that A 1 ^ is a local section of the bundle 0(1,0), 

A^ is a local section of the bundle 0(0, 1) and Aw,, is a local section of the bundle 0(1, 1) over 
CP 1 x CP*. 

Linear system. Equations (|9.8)) - (|9.1U|) can be rewritten as the linear system 

^(a) X (a)( d ^ + A a a)^ a = , (9.11) 
A? a) (^ + AJV>a = 0, (9.12) 
Vf a) (D ai + A ai )i> a = . (9.13) 

By construction, the new linear system ()9.11j) - (|9.13|) together with ()9.4|) is gauge equivalent to the 
linear system ({02|) - (|8"2H) together with (jHHJ). 

Full Af=3 SYM equations. The linear system (|9.11|) - (j9.13|) has been known for a long time 
[2*51 I5U1 EH ESI • ^s compatibility conditions read 

{VL V J - } + {V^, V^} = , {V ai , V Pj } + {V^, V ai } = , {V m , Vi} - 2S{ V«d = , (9.14) 
where 

V Q<i = SoA + ^«« , Vai = D ai + A ai and V l d = D\ + A l d (9.15) 
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are gauge covariant derivatives in the superspace C 4 ' 12 . Equations (|9.14j) for the components 
(A a a(x, 0,7]), A a i{x, 9,rj), A^(x, 9, r/)) of a superconnection are equivalent to the equations of motion 
of the full 7V=3 SYM theory [23 US EH]. Using the expansions of the superfields (i.e. of the 
components of the superconnection) in the odd variables, one can rewrite (|9.14p as equations on 
a supermultiplet of ordinary fields. Moreover, these equations turn out to be equivalent to the 
equations of motion of AA=4 SYM theory in ordinary space. 

Summarizing, we have (implicitly) described the Penrose- Ward transform 

VW-.U ' 1 ) » (f a /3,Xai,^j,xiJ &$ ) (9-16) 

which maps solutions of hCS theory on £ 5 I 6 to solutions of A^=4 SYM theory on C 4 . Note that the 
existence of a gauge in which A^ ± = = A^ ± is equivalent to holomorphic triviality of the bundle 

£ -> £ 5|e on £jJJ = CP 1 x CP^£ 5 I 6 . Note furthermore that the moduli space of such bundles 

is a subset of the moduli space of all topologically trivial holomorphic bundles £ over 

This means that the solution space of hCS theory on £ 5 I 6 is larger than that of M=4 SYM theory. 

Looking for an action. We saw that the full set of equations of motion for Af=3 SYM theory is 
encoded in the equation .P ' 2 = on the supermanifold £ 5 ' 6 which is the quadric in an open subset 

o I o 3 1 3 

of CP 1 x CP* . One might wonder whether there is some action principle for super hCS theory 
on this space. For complex three-dimensional supermanifolds, this is the hCS action H1.2I) . In the 
case of the (5|6)-dimensional supermanifold £ 5 ' 6 , the situation is less clear. Recall that this space 
is a Calabi-Yau supermanifold and thus it comes with a holomorphic volume form J7 5 l 6 . Therefore, 
a possible ansatz is 

S = J ft 5 ' 6 A tr (i ' 1 A BA ' 1 + ^A ' 1 A A ' 1 A A ^ A ^ 2 , (9.17) 

where we abbreviated A ' 1 = .A ' 1 ! ' and a; ' 2 = u> ' 2 ' ' . For this ansatz to be correct, co ' 2 must 
be nowhere vanishing (otherwise the total measure would be degenerate). Furthermore, the partial 
integration used for deriving the equations of motion demands that co ' 2 is partially closed, i.e. it 
has to satisfy the equation A 0,1 A Buj ' 2 = 0. It is not clear whether such a (0, 2)-form exists on 
£ 5 |6 E ven i ess dear is the relation of the action (|9.17j) with string field theory for the target space 
£ 5 I 6 . Therefore we leave this discussion to forthcoming work 46 . 



10. Reality conditions on the quadric 

In the purely bosonic case, one can introduce real (antihermitean) gauge fields on R 4 with a metric g 
of Euclidean signature (4, 0), Kleinian signature (2, 2) or Minkowski signature (3, 1) by choosing an 
appropriate real structure on C . However, as already mentioned in section 4, on the superspace 
C 4 ' 4 ^ there exists a real structure defining a Euclidean superspace only for an even number of 
supersymmetries. For simplicity, we restrict ourselves here to the Kleinian and Minkowskian cases. 

Real structure t\. The Kleinian signature (2,2) is related to anti-linear transformations 47 t\ of 
spinors defined in sections 2 and 4. Recall that 

46 Another possibility to obtain the equation 18.151 is to use an action of holomorphic BF type theories |42|. 
However, the relation of this kind of action with string field theory is also unclear. 
47 We will not consider the map to here. 
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and obviously r 2 = 1. Correspondingly for (A±, £±) 6 CP 1 x CP*, we have 

ri(A+) = J- = A_, r 1 (C+) = i = C- (10.2) 

with stable points 

{(A, C) 6 CP 1 x CP* : AA = 1, CC = 1} = S 1 x C CP 1 x CP* (10.3) 
parametrizing a torus S 1 x 5|. For the coordinates (x aa ), we have 



yX 21 x 22 j v i o y \ x 21 x 22 I v i o j \ x 12 x 11 

and the real subspace R 4 of C 4 invariant under the involution t\ is defined by the equations 

x 22 = x 11 =: -(x 4 + ix 3 ) and x 21 = x 12 =: -{x 2 - ix 1 ) (10.5) 
with a metric ds 2 = det(dx QQ ) of signature (2, 2). Recall also that 

)li \ / Q2i \ I n l \ f fj? \ 



^ I ^ ) = ( h ) ■ T M 3 ) = ( 3 J • < 10 - 6 > 

and therefore real (Majorana) fermions satisfy (cf. (14,291) ) 

n (0) = # ^ # 2i = M and ri(?7) = rj & r] 2 = fjj . (10.7) 

A Ti-real twistor diagram. Imposing conditions ()10,5j) and 1)10. 7|) for AA=3, we obtain the real 
superspace R 4 ' 12 as a fixed point set of the involution t\ : C 4 ' 12 — > C 4 ' 12 . Analogously, for the 
supertwistor space CP 3 ' 3 and its open subset P 3 ' 3 , we obtain real subspaces HP 3 ' 3 and T 3 ! 3 (cf. 
(|2.14|l ). Accordingly, a real form of the superspace .F 6 ' 12 is 

jt6\12 ._ R 4|12 x 5-1 x g-l ) (1Q g) 

and we have a real quadric 

£ 5|6 c T 3|3 x ^313 ^ Q ^ 

as the subset of fixed points of the involution 48 t\ : £ 5 ' 6 — ► £ 5 ' 6 . This quadric is defined by 
equations l{T£|) - (|TH|l with x a6t , 9 ai and 7?f satisfying (1T0~5|) and (TuTT)) with A + = e iXl = XI 1 , 
= e 1X2 = (I 1 , < Xli X2 < 2vr. Thus, we obtain a real form 

12 

^ Tl 



4 6 R 4 ' 12 ( 10 - 10 ) 

of the double fibration 1)7.15)1 . One can restrict all (super)functions defined on spaces in 1)7. 15|) to 
the real subspaces in (jlO.lOj) . 

Reality of fields in the Kleinian case. For imposing reality conditions on the functions tp a 
(and f a b) inducing antihermiticity of the fields of Af=3 (and A^=4) SYM theory via the twistor 

48 Our notation is slightly sloppy: We use the same symbol T\ for maps defined on different spaces. 
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correspondence, it is convenient to consider an open neighborhood (and an analytic continuation 
of the functions to a complex domain) of all these real spaces. In fact, for our purpose it is enough 
to consider the supermanifold 

JT8|12 = R 4|12 x ( U+ n x (y + R y_j = R 4|12 x (yr p = R 4|12 x (pr R ? (10.11) 

where £/± and V± cover projective spaces CP 1 = U + U t/_ and C-P* = V+ U V_ parametrized 
by homogeneous coordinates [Aq,] and [/x Q ], respectively. Recall that the manifold CP 1 x CP* is 
covered by four patches V a defined in (|7. 1 1|) with coordinates (A( a ) , C( a )) on Va- The involution n 
interchanges these patches as V\ <-> V4, V2 <-> V3 and therefore 

yinv 2 ^y 4 ny 3 , li n v 3 ^ y 4 n v 2 , Vi n y 4 y 4 n Tq , F 2 n V3 y 3 n Va • (10.12) 

Considering (\( a ),((a)) 7^ 0, we impose a reality condition on the complex regular matrix- valued 
functions tpa = i>a(x aa ,6 ai ,V? '■> ^(a)i ((a)) by taking them depending on ri-real coordinates x aa , 9 ai , 
rjf and satisfying the equations 

V4 f x , 8 , 77 , J- , J_ ) = il)- l ( x , 6» , 77 , A (4 ) , C(4)) , 



A(i) C(i) < 
1 1 

' *(2) ' C(2) _ 



4 (x, e, V ,J-, J-) = ^-\x,6, V , A (3) , C( 3 )) , (10.13) 



which lead to the relations 



fL f-»T— = /l4 (->A(i),C(l)) , /as (•••,■? — >7 — ] = /23 (••-, A (3) , C(3)) , 

V A (i) V A (2) C(2)/ 

/Ja(-.r-.^| =/43(-,A (3 ),C(3)) , / 1 t 3 (...,J-,J-J =/42(...,A (4) ,C (4) ) • (10.14) 

V A « Qi)/ V A « h 1 )/ 

Now, using the definitions (|9.8j) - (|9.1Uj) one can show by direct calculation that the conditions (|lU.13j) 
yield antihermitean superconnections and the real M=3, 4 supermultiplet of ordinary fields. 

The Minkowskian involution tm- Let us consider the supermanifold P 3 ' 3 x P 3 ' 3 with homoge- 
neous coordinates [u°, Aq, rjf, fj, a , cr a , 9 1 ]. The antiholomorphic involution 

t m ■ P 3 ' 3 x P 3 ' 3 -» P s|3 x P 3 ' 3 (10.15) 
appropriate to Minkowski space is defined as the map (see e.g. |4*5] ) 

T M (<-O a ,\a,VuVa,<T & ,0 i ) = (-<7* ^ A~ -5 s , T/j) (10.16) 

interchanging a-superplanes and /3-superplanes. One sees from (jl0.16j) that the real slice in the 
space P 3 ' 3 x P 3 ' 3 is defined by the equations 49 

o- d = -u 5 , /j q = A~ (10.17) 

and 

m = TjfXa = J 1 = Q ai [i a = Wji^ rjf =W i . (10.18) 



49 Here a and a denote the same number. 
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Finally, for coordinates (x aa ) 6 C , we have 

r M (x a P) = -x p& , (10.19) 
and the Minkowskian real slice R 3 ' 1 C C 4 is parametrized by coordinates 





x 12 \ 


t 


(x l{ 


x 12 \ 


\x 2i 


x 22 ! 


1 =" 


\x 2i 


x 22 ) 



x 11 = -i(x° + x 3 ), x 12 = -iO 1 - ix 2 ), x 21 = -i(z x + ix 2 ), x 22 = -i(z° - x 3 ) (10.20) 
with (x ,^ 1 ,^ 2 ,^ 3 ) G R 4 and (cf. (12181) ) 

ds 2 = det(dx ad! ) => g = diag(-l, +1, +1, +1) . (10.21) 
One can also introduce coordinates 

& aa _ [x aa ^ (10.22) 

obtaining a metric with signature (1,3). In terms of x aa , imaginary units will appear in many 
formula?, which is the common convention on Minkowski space with signature (1,3), e.g. 

A** = ^ + %J^, ^ = ^-i«f, etc. (10.23) 

Recall that the involution tm interchanges a-super planes and /3-super planes and therefore ex- 
changes opposite helicity states. It might be identified with a ^-symmetry discussed recently in 
the context of mirror symmetry [2] and parity invariance |15| . 

A rA/-real twistor diagram. Recall that [A&] and \p a ] are homogeneous coordinates on two 
Riemann spheres and the involution tm maps these spheres one into another. Moreover, fixed 
points of the map tm '■ CP 1 x CP* — > CP 1 x CP* form the Riemann sphere 

CP 1 = diag(CP x x CP 1 ) , (10.24) 

where CP 1 (= CP 1 .) denotes the Riemann sphere CP 1 with the opposite complex structure. There- 
fore, a real slice in the space P 6 ' 12 = C 4 ' 12 x CP 1 x CP* introduced in (|7.15|) and characterized as 
the fixed point set of the involution tm is the space 

Pf] 12 := R 4 ' 12 x CP 1 (10.25) 

of real dimension (6 1 12) . 

The fixed point set of the involution (|10.15|) is the diagonal in the space P 3 ' 3 x P 3 ! 3 , which can 
be identified with the complex supertwistor space P 3 ' 3 of real dimension (6|6). This involution also 

5l6 MT^^n, ______ ______ 

picks out a real quadric C TM defined by equations (|7.8j) and the reality conditions (|10.17|) - (jl0.20|) . 
Thus, we obtain a real version of the double fibration 1)7.15(1 . 

T &\ 12 

K%/ \7Ti 

42 R 4 i 12 ( 10 - 26 ) 

The dimensions of all spaces in this diagram are real. For imposing the reality conditions on the 
superconnection components, one should proceed analogously to the case of Kleinian signature. We 
will not discuss this here. 
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11. Conclusions 



In this paper, we considered two examples of the fibration 

vr : Z -* X T , (11.1) 

which describe self-dual and anti-self-dual A^-extended SYM theory in four real dimensions. As 
the supermanifold Z, we used the supertwistor space 

p3|AT = C p3|A^ Cp l|Af (gelf.dual case) and 
the dual supertwistor space P 3 '"^ = <DpI^\CpI^ (anti-self-dual case) with 0<7V<4. As the 
supermanifold X T , we chose the real anti-chiral superspace TZ^^ (self-dual case) and the real chiral 

superspace 1Z^ 2 (anti-self-dual case). In both cases, we considered holomorphic Chern-Simons 
theory on the supermanifold Z and showed that, by using a gauge transformation on Z, one can 
bring Witten's form of the hCS field equations to the previously known constrained equations 
on the supercurvature field strength corresponding to A/"-extended self-dual or anti-self-dual SYM 
theory on TZ^^ or TZ^ with a metric on the body 50 of signature (4, 0) or (2, 2). 

Considering hCS theory on the supertwistor space P 3 !-^, we gave an explicit expansion of the 
super gauge potential in coordinates on CP 1 C V 3 ^ in which the equivalence of the equations of 
motion dA 0,1 + .A ' 1 A A 0,1 = to the equations of motion of self-dual A/"-extended SYM theory in 
four dimensions becomes manifest. All this was translated to the anti-self-dual case by using the 
dual supertwistor space P 3 '^ ■ 

We also considered an example of the double fibration 

Y 

7T 2 / X \7Ti 

Z X (H.2) 

where X was chosen to be the superspace C 4 ' 12 or its real version IR 4 ! 12 with a metric on the body 
of signature (4,0), (2,2) or (3,1). As supermanifold Z, we used the quadric £ 5 ' 6 in P 3 ! 3 x P 3 ' 3 
or a real subspace of it with the real structure depending on the signature of the metric on IR 4 . 
The correspondence space Y = .P 6 ! 12 = C 4 ' 12 x (DP 1 x CP 4 was embedded as a submanifold 51 in 
Z x X by using the projections (vri,^). We showed that, by using a gauge transformation on the 
correspondence space, one can bring Witten's form of the hCS field equations to the well-known 
constraint equations on the supercurvature field strength corresponding to full M=3 SYM theory 
on the superspace C 4 ' 12 or one of its real subspaces. This theory is known to be equivalent to 
M = 4 SYM theory, when formulated on IR 4 . 

There are a lot of open problems which deserve further study. On the field theory side, it is not 
clear yet how to construct an action for hCS theory on £ 5 I 6 which will correspond to the action of 
AA=4 SYM theory. Generalizations of the twistor correspondence and the Penrose- Ward transform 
to the string field theory (SFT) level may also be of interest. This could either be done in the 
setting proposed by !8_, although it seems that due to the off-shell character of SFT one should 
employ the more general setting 10 ; or one could concentrate on (an appropriate extension of) 
SFT for N=2 string theory. This theory is known to describe SDYM at tree level |50j : its SFT |51| 
is based on a description of N=2 string theory as a topological N=4 theory (52]. This description 
contains twistors from the outset: The coordinate A € CP 1 , the linear system, integrability and the 

j0 Here the body is (]R 4 ,gr). See also appendix B. 

51 Recall that Y is fibred over X with fibres 7r 1 ~ 1 (a;) difTeomorphic to submanifolds tv2(tv± 1 (x)) of Z and Y is also 
fibred over Z with fibres ty2 1 (z) which are difTeomorphic to submanifolds 7ri(7r^" 1 (2:)) of X, i.e. Y<~^Z x X. 
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solution of the equations of motion by twistor methods were incorporated into the N=2 open SFT 
in |531 154j . However, this theory reproduces only classical bosonic SDYM theory, its symmetries 
and integrability properties jSHl EI3 EH] ■ Following various proposals, e.g. [3111 Ell EH E] (see also 
references therein), one can extend it to be spacetime supersymmetric. This is believed to lead to 
an explicit relation between the supersymmetric extension of N=4 topological string theory and 
the N=2 topological string (B-type) [3], but the picture is far from being complete. 
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Appendices 



A. Dictionary: homogeneous <-» inhomogeneous coordinates 

The sphere S 2 is diffeomorphic to the complex projective space CP 1 . This space can be parametri- 
zed globally by complex homogeneous coordinates Aj and A 2 which are not simultaneously zero 
(in projective spaces, the origin is excluded). So, the Riemann sphere CP 1 can be covered by two 
coordinate patches 

U + = {[\ i ,\i]\\ i ^0} and U_ = {[\ i ,\i]\\^0} , (A.l) 

with coordinates 

A+ := ^ on U+ and A_ := ^ on U- . (A.2) 
A 1 A 2 

On the intersection U + n we get A + = 1/A_. 

A global section of the holomorphic line bundle 52 0(n) over CP 1 exists only for n > 0. Over 
U±, it is represented by a polynomial p± of degree n in the coordinates A± with p^ = X+p^ on 
U+ D U-. The explicit expansion will look like 

p+ = a + ai\ + + 02A+ + ... + a n X\ and p_ = a A™ + ... + a„_ 2 A 2 „ + a n _iA_ + a n , (A. 3) 

and, multiplying the expansion in A + by A" (or the expansion in A_ by A^), one obtains a homo- 
geneous polynomial of degree n: 

a Aj + aiAj- 1 A2 + ... + o n „iA i A?- 1 + o n A? =: Q^-^A^.-.A^ . (A.4) 

Now let us consider the expansion (|5.33j) and (j5,34|) of the super gauge potentials of hCS theory 
on the supertwistor space. We get the following list of objects: 

7+ 0(-l)®0(-l) 7 = -V 7+ f=-^^ (A.6) 



AiAi V A°A L 

A+ O(l) A a = \ i At (A.7) 

Ax + 0{-2) A 3 = J r A- x+ . (A.8) 



J See appendix B. 
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This implies the following expansions in homogeneous coordinates (cf. (|5.33|) . (|5.34|0 : 

Aa = A d A a a(x R )+r ]i x i a (x R ) + j^ ri i r ]j \« ( j)^(x R )+ (A.9) 

+7 2 - mvjm x A V x%{*r) + 7 3 ^ * w» a* F a^ g^**) , 

is = 7 2 ^OT 3 fW + 7 3 ^W%A a xfN+ (A.10) 

+7 4 ^ Wfc r ?i A«A^(x i? ). 

For rewriting the equations of motion in terms of this gauge potential, we also need to rewrite 
the vector fields (|4.19f) and ()4.33[) in homogeneous coordinates. The vector fields along the fibres 
are easily rewritten, analogously to the corresponding components of the gauge potential. The 
vector field on the sphere can be calculated by considering *4^ + dA+ = A 3 @ 3 . This implies 3 = 
A^dA^ — A^dA-L, which has a dual vector field V3 defined by Vjjj 3 = 1. Altogether, we obtain the 
basis 

^ = A "7rL and F 3 = -7A d -fr. (A.ll) 

The field equations (|5.31jl and (|5.32|) now take the form 

%Ap - VpA a + [Aa, Ap] = , (A.12) 
V 3 A a -V a A 3 + [A 3 ,A a ] = (A.13) 

and yield the same equations 1)5. 17j) for the physical fields. 



B. Some mathematical definitions 



Interior product. For the interior product of a vector V with a one- form A, we use the notation 
V-iA := (V,A). A second common notation for this product is iyA. 

Holomorphic line bundles. Given the Riemann sphere CP 1 = S 2 with standard patches U+ and 
U- and coordinates X± on the corresponding patches and X± = 1/Azp on U+ fl U-, the holomorphic 
line bundle 0{n) is defined by its transition function z+ = A™ z~, where z± are complex coordinates 
on fibres over U±. For n > 0, global sections of the bundle 0(n) are polynomials of degree n in the 
coordinates A± and homogeneous polynomials of degree n in homogeneous coordinates (see also 
appendix A). The 0{n) line bundle has first Chern number n. The complex conjugate bundle to 
0(n) is denoted by 0(n). Its sections have transition functions A" : z+ = A+z_. 

Spinor conventions. All objects with space-time indices are rewritten in spinor notation by 
x aa = a^ a x^ etc., where the sigma-matrices are determined by the metric under consideration. 
The homogeneous coordinates A^ and A 2 for a point in C-P 1 are regarded as components of a complex 
commuting spinors. Their indices are raised and lowered with the antisymmetric e-tensors. We 
use the convention £12 = e^ 2 = ~ £l2 = — e 12 = 1, implying e a ^e^ = 5®. The complex conjugate is 
obtained by conjugating the components of the spinor. A second anti-linear conjugation, denoted 
by : is performed for different types of spinors as 

(Aa) := C(fl a ) , (fi a ) := C(fl a ) , (A„) := C(A d ) and (A°) := C(X & ) , (B.l) 
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where the 2 x 2-matrix C is given by 



C=[\U- (B.2) 



The conventions for Grafimann variables are discussed in the text around (|4.21[) - (|4.27|) and (|1U.16() . 
These imply in particular that 

Tew (M) 

Furthermore, we adopt the following convention for the conjugation of products of Grafimann 
variables and supernumbers in general: 

r(ee)=r{e)r(e) and r^z 2 ) = r(z l )r{z 2 ) . (B.4) 

With this choice, products of two real objects will be real. Note that this is not the common conven- 
tion used for supersymmetry in Minkowski space, and here, we define tm (C 1 ^ 2 ) = t m(£, 2 )t~m{£, 1 )- 
A more detailed discussion can be found in [59] . 

Flag manifolds. Complex flag manifolds are a major tool in the context of twistors and the 
Penrose- Ward correspondence. They can be considered as a generalization of projective spaces and 
Grafimann manifolds. An r-tuple of vector spaces {L\, L r ) of dimensions dim^ Li = di with 
L\ C ... C L r C C™ and < do < ... < d r < n is called a flag in (D n . A (complex) flag manifold is 
the (compact) space 

Fdi...dr '■= {ah flags (Li,...,L r ) with dim c U = di, i = 1, ...,r} . (B.5) 
Simple examples are F\ = CP™ -1 and = Gfc ;n (C). 

To see how flag manifolds naturally arise, consider the following reformulation of the (bosonic 
part of the) discussion following (|2.8|) . We fix the full space to be C 4 . Then we can establish the 
following double fibration: 

F12 

7T2 / \ TTl 

F X F 2 (B.6) 

Let (Li,L2) be an element of F\2, i.e. dim^ L\ = 1, dime L 2 = 2 and L\ C L 2 . Thus F\ 2 fibres 
over F 2 with CP 1 as a typical fibre, which parametrizes the freedom to choose a complex one- 
dimensional subspace in a complex two-dimensional vector space. The projections are defined as 
ir 2 {L\, L 2 ) = L\ and 7Ti(Li, L 2 ) = L 2 . The full connection to (|2.8|) becomes obvious, when we note 
that F\ = CP 3 = V 3 U CP 1 and that F 2 = G 2: 4(<D) is the complexified and compactified version 
of R 4 . The advantage of the formulation in terms of flag manifolds is related to the fact, that the 
projections are immediately clear: one has to shorten the flags to suit the structure of the flags of 
the base space. 

The compactified version of the "dual" fibration ([6.10)1 is 

F 2 3 
7T 2 / \?Tl 

F 3 F 2 (B.7) 

where P3 is the space of hyperplanes in C 4 . This space is naturally dual to the space of lines, as 
every hyperplane is fixed by a vector orthogonal to the elements of the hyperplane. Therefore, we 
have F 3 = Ff = CP 3 D P 3 . 
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Also the third double fibration (|7.15|) . which we used in the case of full A/*=3 SYM, is a restricted 
version of the diagram 

Pi 23 
7T2 y/ \7Tl 

Fis P 2 (B.8) 

where F2 = G2,4(C) is again the complexified and compactified version of IR 4 . The flag manifold 
F13 is topologically the zero locus of a quadric in CP 3 x CP 3 . For further details and the super 
generalization, see e.g. [22^ 138]. 

Supermanifolds and Calabi-Yau supermanifolds. The space R r s is described by coordinates 
x 1 and 9 J with l<i<r, l<j<s, where the 9 3 are real Grafimann variables satisfying 
the algebra {9 3 ,9 k } = 0. The superspace C r ' s is defined analogously, with complex coordinates: 
x 1 7^ x 1 , 3 7^ 9 3 . For our considerations, a supermanifold is defined to be a topological space which 
is locally diffeomorphic to ]R r ' s or C r K 

A supermanifold contains a purely bosonic part (the "body") which is parametrized in terms 
of bosonic coordinates. The body of a supermanifold is a real or complex manifold by itself. The 
^2-grading of the superspace used for parametrizing the supermanifold induces a grading on the 
ring of functions on the supermanifold. For objects like subspaces, forms etc. which come with a 
dimension, a degree etc., we use the notation where i and j denote the bosonic and fermionic 
part, respectively. 

We further introduce the parity-changing operator II which, when acting on a fibre bundle, 
changes the parity of the fibre coordinates. For example, 110(71) — > CP 1 is parametrized by 
complex variables X± and Grafimann variables 9± with 9+ = A™ 9- on U+ D U-. 

For a more extensive discussion of supermanifolds, see jSH] and references therein. 

Calabi-Yau manifolds are manifolds with vanishing first Chern class which implies the existence 
of a globally well-defined holomorphic volume form. For our purposes, we define a Calabi-Yau 
supermanifold to be a supermanifold with a globally defined holomorphic volume form. Note that 
the body of a super CY is not a CY, in general. 

In the purely bosonic case, the 3-fold 0(m) © 0{n) — > CP 1 with coordinates z±,z±, A± is a 
CY, if and only if m + n = —2, and a volume form is then given by Q,±° = ±dz± A dz^. A dA-t. 
In the super case, the fermionic coordinates can also be assigned to some line bundle, but because 
the Berezinian (i.e. the fermionic Jacobi determinant) enters as an inverse in the integration, a 
fermionic coordinate living in 0(n) will contribute — n to the overall first Chern number. Thus the 
bundle 

p 3 l 4 = 0(1) © 0(1) © nO(l) © 110(1) © 110(1) © 110(1) -» CP 1 (B.9) 

is a CY supermanifold. Its holomorphic volume form is given by ^ 0|4 '° = idz^Adz^AdAid^d^ 
d^^d^, where z± and 9± are coordinates of the bosonic and fermionic line bundles, respectively. 
The body of this supermanifold is 0(1) © 0(1) — ► CP 1 and it is obviously not a CY manifold. 

C. The twistor geometry in the Kleinian case e = +1 

As mentioned several times in the text, one should consider hCS theory on domains IA± of the 
supertwistor space P 3 !-^ for which |A±| 7^ 1 when working in the Kleinian case, i.e. when using the 
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reality conditions obtained from the involution 53 t\. In this and the following appendix, we will 
discuss this aspect in more detail. 



Let us start from the double fibration (|4.6|) . 



■Ky/ \7Ti 



which describes the complex supertwistor correspondence for < Af < 4. As before, we have 
complex coordinates (z±, X±,r]f) on the patches U± which cover V 3 ^ and (x% & , Aj,7?f) on F R ]2Af . 
The projection tti is the trivial projection TTi(x R a , X^,r]f) = {x R a ,vif) and the projection TT2 is given 
by the formulae 

4 = xtXt , A± = A± and ryf = r/f A± with (At) = ( ^ ) , = ( ^ ) ■ ( C - 2 ) 

The action of the involution n on the coordinates of P 3 ^ is given by formulas (|2.12|) together with 
T\{r}f) = fji /A±. It yields the reality conditions 



f±, A± = J- and r?f = i (C.3) 
A± A± A± 



on "P 3 !-^, which imply 



4' = 4 1 , 4* = 4' and rj 2 = ^ (C.4) 



on MT and ^ = Aif M x CP 1 . 

The set of fixed points under this involution 54 of the spaces contained in the double fibration 
(|UH) form real subsets T 3 ^ C P 3 ^, ftj^ C and Tlf N x S 1 C T R {2Af . Recall that the 

body T 3 of the supermanifold 55 T 3 ^ is diffeomorphic to the space RP 3 \1RP 1 (cf. (|2.14|) ) fibred 
over S 1 = RP 1 C CP 1 . Thus, we obtain the real version 

Tlf M x S 1 

T 3|^ (C.5) 

of the double fibration (jC.l|) . Here, 7Ti is again the trivial projection and iT2 is given by equations 
(Q-JHU) with |A±| = 1. 

The tangent spaces to the (real) (2|AA)-dimensional leaves of the fibration tt2 in (|C.5|) are spanned 
by the vector fields 

v + ■- \°f ——— a nd v\ :=\i^ , (C.6) 

which satisfy the reality conditions 

v + = -\ + v+ and v\ = -\+v\ , (C.7) 

53 For to, the description is similar and for that reason we focus on ri. Note, however, that the CP 1 embedded in 
the twistor spaces reduces to different S 1 s: for n, the constraint is \± — A^ 1 and for to we have A± = A±. 

54 Although Ti was defined on •p 3 l Af ) it induces an involution on J-^ 2 ^ which we will denote by the same symbol 
in the following. 

55 For N = 4, T 3 ^ has a globally defined real volume form invariant under rescaling of homogeneous coordinates. 
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where |A + | = 1. Equivalently, one could also use the vector fields 

v - := A" - — r = A_v+ and v\ := A" ——r = \-v\ with A_ = — = A+ . (C.8) 

The vector fields (|C.6|) and (|C.8|) are the restrictions of the vector fields and 8± to |A±| = 1. 
Consider now the double fibration 

nf M x CP 1 

V ZW n f* (C.9) 

where the map tt2 is defined by the formulas (|C.2|) with x^^rjf satisfying the reality condition 

(|C.4|) and complex A^ . For Kleinian signature ( we have the local isomorphism SO(2, 2) = 

SU(1, 1) xSU(l, 1) and under the action of the group SU(1, 1), the Riemann sphere CP 1 of projective 
spinors decomposes into the disjoint union CP 1 = Hl\JS l UH 2 _ of three orbits. Here H 2 = HluH 2 
is the two-sheeted hyperboloid with the boundary S 1 which is stable under the involution t\ : X± i— > 
A J . We have ri(S' 1 ) = S 1 and ti(H±) = H 2 -. This decomposition can be carried over to the spaces 
in the double fibration (10.91) . We have 



nf M xCP l = nf N xH\ u Kf xs 1 u nf x x p 2 

i 

i I 7"3|AT | (CIO) 

n 

where J, symbolizes the projection -K2- Here V+ , Po,AT anc ^ P^'"^ are restrictions of the complex 
vector bundle P 3 ^ CP 1 to H\, S 1 and H 2 , respectively, and thus V ^f := P 3|A/ '|| A± | =1 is the 

common boundary of the spaces and V 3 }^ . Note that restricting the maps tti and 1x2 in (|C.9(1 
to the space P^j 2- ^ x 5 1 , we obtain the real double fibration (|C.5|) . 

The map 112 in (|C.9() restricted to the space TlT x H 2 is a smooth bijection (diffeomorphism) 

of Tlf M x P 2 onto P 3 ^ := P 3|A/ \P ,Af = ^UP 3|Af which is defined by the formulas (Q with 
|A±| 1 and x^P, rjf subject to (jC4l) . Its inverse is given by 

-j^-j^ -f- I I 21 ^ ^-U^-I- « * ^ 



Xr i - 4 4 i - z 3 z 3 ' Xi? i - 44 1 - z ~z- ' 

i _ ^ - 4g _ ^ - g^r A 3 rc n 

771 - i - 44 " i-z^zi ' A± " z± (C - n) 

and a?||, x}j 2 and rj 2 fixed by l|C.4j) . Due to this diffeomorphism, the diagram (RT9j) with the maps 
7Ti and 7T2 restricted to P/j 2 ^ x P 2 becomes a nonholomorphic fibration 

f>W (c . 12) 

and on P 3 !-^, one can use either set of coordinates {z±, X±,rjf) and (x^*, X±, rj" ). 

For the dual supertwistor space pf , the discussion follows along the same lines. One merely 
replaces the coordinates (z±, \±,rif) of P 3 !-^ with the coordinates (u>§:, //±, #!|_) of P*'"^ and the 

moduli (Xft*,r]f i ) G -M^j 2 '^' with the moduli (xf^ } 6 ai ) € .M^ 2 "^. Considering then the set of fixed 
points of the involution t\ as done above leads to fibrations similar to 1)0.5(1 . ()C.9() and (|C.12|) . 



40 



D. Comments on hCS theory in the Kleinian case e = +1 



In the case of the real structure n, i.e. e = +1, which yields Kleinian signature (2,2) on 1R 4 , we 
always discussed hCS theory on f> 3 ^ in the text. This is due to a peculiarity of the Penrose- Ward 
correspondence in this case which we now discuss more explicitly. 

Consider the real supertwistor space T 3 ^ C and a real-analytic function fT : T 3 ^ — ► 

GL(n, C) which can be understood as an isomorphism fT_ : £ Z. — > £T between two trivial complex 
vector bundles £T_ — > T 3 ^ . We assume that fT__ satisfies the reality condition 

(/j_(«,x + ,n+)) t = /?_(«?, W) . (d.i) 

Given such a function /T, one can extend it holomorphically into a neig hborhood W of T 3 \ M m 
V 3 ^ , such that the extension /_| of fT satisfies the reality condition 

(/+_ (r 1 «,A + , ?? +))) t = / + _(4,A + ,7 7 +) , (D.2) 

generalizing equation (|D.1|) . The function /_| is holomorphic on hi = Li+CiVi- and can be identified 

with a transition function of a holomorphic vector bundle £ over V 3 \ M =U + \JU- which glues 
together two trivial bundles £ + = U + x C n and £_ = IA- x (D n . Obviously, the two trivial vector 
bundles £\ — > T 3 '^ are restrictions of the trivial bundles £j- — > ri± to T 3 ^. 



In the twistor approach, it is assumed that the bundle £ is holomorphically trivial when re- 
stricted to any curve CP^^^-P 3 ' - ^ and therefore there exists a gauge in which the restriction of 
the transition function f^ to any CP X „ splits, 

/+- = #;V- , (d.3) 

into regular 56 matrix- valued functions tp+ and tp- defined on ti + = J* 3 ^ u U and U~ = V 3 ]^ u Li 
and holomorphic in A+ € ii+ and A_ € -fPl, respectively. Note that the condition (|D.2j) is satisfied 
if 

^\r 1 (xtA + ,r 1 t))=^_(xtA-,r ] t) • (D.4) 
Restricting (ITHl to S^^CP^^, we obtain 

= (v;rVi with (v;)- 1 = (vo f , (d.5) 

where ip± are restrictions to T^ 2 ^ x S 1 of the matrix-valued functions ip± given by (|D.3|) and 



(|D.4|) . Thus the initial twistor data consist of a real-analytic function 57 fT on T 3 ^ satisfying 
(|D.1|) together with a splitting ()D.5|) . from which we construct a holomorphic vector bundle £ over 

p> 3 l^ with a transition function which is a holomorphic extension of fT__ toU D T 3 ^ . In other 

words, the space of real twistor data is the moduli space of holomorphic vector bundles £ — ► P 3 '-^ 
with transition functions satisfying the reality conditions ()D.2|) . 

In the purely real setting, one considers a real-analytic GL(n, C)-valued function fT on T 3 ^ 
satisfying the hermiticity condition (|D.1|) and the real double fibration (|C.5|) . Since the pull-back 
of fT__ to IZ'ft 2 '^ x S 1 has to be constant along the fibres of TT2, we obtain the constraint equations 

v+fl- = = </T , (D.6) 



Recall that by 'regular', we mean smooth with nonvanishing determinant. 
57 One could also consider the extension /+_ and the splitting (113.51 even if /+_ is not analytic, but in this case the 
solutions to the super SDYM equations can be singular. Such solutions are not related with holomorphic bundles. 
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or equivalently 

v-f T + _ = = vlfl- , (D.7) 

with the vector fields u„ and v± from (|C6() and l|C.8|l . Using the splitting (|D.5() of /£_ on fibres 
Sx Rt rj of the projection tti in (ITHtI) and substituting /+_ = (V+^V- into fEXHJ), we obtain the 
linear systems (cf. (|5.11|) - (|5.13|0 

(v+ + AtW+ = , («" + A")^l = , 

« + A)^; = , (wL + Al)^>l = . (D.8) 

Here At = (Aj, A±) are relative connections on the bundles ts\E±. From (|D.8f) . one can find ip± 
for any given A& and A l ± and vice versa, i.e. find A& and A l ± for given t/)± by the formulas 

a+ = r+viw+r 1 = v-vtw-T 1 , a- = ip+vzw+r 1 = r-v-^r 1 , 

A\ = iplvUipl)- 1 = ipLvHipl)' 1 , A_ = ^W^l)- 1 = V^UV-)" 1 . (D.9) 



The compatibility conditions of the linear systems ()D.8j) read 

v a Ap — Vp A a + [A a , Ap ] = , 
vtA i ±-v i ±At + [At,A i ±]=0 , 

viA{ - v{ A ± + [A ± , Al] = . (D. 10) 

Geometrically, these equations imply flatness of the curvature of the relative connections A± = 
(A^, Aj-) on the bundles n%£± defined along the real (2|7V)-dimensional fibres of the projection 7T2 
in {OH). 

Recall that ^>T and ipZ. extend holomorphically in A+ and A_ to and if 2 , respectively, and 
therefore we obtain from (|D.9|) that A& = X±A a a and A± = A±An where A a a and A\ do not 
depend on X±. Then the compatibility conditions (jD.10|) of the linear systems ()D.8|) reduce to 
equations (|5.14() . In section 5 it was demonstrated that for e = +1, these equations are equivalent 
to the field equations of AA-extended SDYM theory on IR 2 ' 2 . Thus there are bijections between 
the moduli spaces of solutions to equations (jD.lOj) . the field equations of TV-extended super SDYM 
theory on 1R 2,2 and the moduli space of ri-real holomorphic vector bundles £ over V ?J ^ ' . 

Consider now the extension of the linear systems ()D.8|) to open domains U± = V^UU D T 3 ^, 

(V± + A^)V± = 0, 

(ai + A ± )^± = o, 

d- x± ip± = , (D.ll) 

where and d± are vector fields of type (0,1) on U± := U±\Vo,Af as given in (j4.19|) - ()4.20j) . 

These vector fields annihilate /_| and from this fact and the splitting HD.3|) . one can also derive 

equations (|D.11|) . Recall that due to the existence of a diffeomorphism between the spaces 
H 2 and which is described in HC.10j) - (|UTi|) . the double fibration (f€"9|) simplifies to the 

nonholomorphic fibration (|0.12f) . Moreover, since the restrictions of the bundle £ — > ^ Q ^he 

<CPl R -fibres of the fibration (IHTl are trivial, there exist regular matrix-valued functions ip± on 
U± such that 

/+_ = (D.12) 
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on W = U\Pqj^ and 

& ± $± = . (D.13) 
The existence of this gauge was already implied in 2 . Additionally, we impose the reality condition 

t>+ (*X~':f ) =^-(xf,X-,vD (D.14) 

on ip±. Although IA S consists of two disconnected pieces, the functions i/)± are not independent on 
each piece because of the condition (|D.14j) . which also guarantees (|D.2|) on U s . The functions ip± 
and their inverses are ill-defined on Vo,M since the restriction of 7T2 to T^ 2 ^ x S 1 is a noninvertible 
projection onto T 3 ^, see (IHTOl) . Equating (11X21 and (ITIT21 . one sees that the singularities of ip± 
on "P^a/" s P n t off i n a matrix- valued function if -1 , i.e. 

V>± = y"V± , (D.15) 

which disappears from 

/+_ = = (v;V)(^V-) = v>;V- • (D.i6) 

Therefore f-\ is a nonsingular holomorphic matrix- valued function on all of U. 

From (yp~T2jl - (pT6|l it follows that on f> 3 \ M , we have a well-defined gauge transformation (|5.24|) - 
(|5.27|) generated by ip and one can introduce gauge potentials and A ! 1 which are defined on 

and U^_, respectively, but not on Vo,Af- By construction, A 0,1 = (A^jA ! 1 ) satisfies the hCS 
equations (|5.31j) - (|5.32|) on p 3 ^ = -p^-^yp 3 ^ w hich are equivalent to the A/"-extended super SDYM 
equations on 1R 2,2 . Conversely, having a solution A ' 1 of the hCS field equations on the space V 3 ^ , 
one can find regular matrix-valued functions tp+ on Wi. and -0- ° n which satisfy the reality 
condition (|D.14|) , These functions define a further function /+_ = "07 : U s — > GL(n, C) which 

can be completed to a holomorphic function /_| : U — > GL(n, C) due to (|D.16|) . The latter one 

can be identified with a transition function of a holomorphic vector bundle £ over the supertwistor 

space V 3 ^ . The restriction of /_| to T 3 ^ is a real-analytic function /!_ which is not constrained 

by any differential equation. Thus, in the case e = +1 (and also for the real structure tq), one can 
either consider two trivial complex vector bundles £± defined over the space T 3 ^ together with an 
isomorphism /T : £ T _ — > £ T or a single complex vector bundle f over the space V 3 ^ '. However, 
the appropriate hCS theory which has the same moduli space as the moduli space of (equivalence 
classes of) these bundles is defined on p 3 \^ . Moreover, real Chern-Simons theory on T 3 ^ has no 
moduli, since its solutions correspond to flat bundles over T 3 ^ with constant transition functions 58 
defined on the intersections of appropriate patches covering T 3 ^ . 

To sum up, there is a bijection between the moduli spaces of solutions to equations (|D.10|) and 
to the hCS field equations on the space P 3 ^ since both moduli spaces are bijective to the moduli 
space of holomorphic vector bundles over V 3 ^ . In fact, whether one uses the real supertwistor space 
T 3 ^ , or works with its complexification V 3 ^ , is partly a matter of taste. However, the complex 
approach is more geometrical and more natural from the point of view of an action principle 
and the topological B-model. For example, equations (jD.10|) cannot be transformed by a gauge 
transformation to a set of differential equations on T 3 ^ as it was possible on p 3 \^ in the complex 
case. This is due to the fact that the transition function /_| , which was used as a link between the 

58 Note that these transition functions are in no way related to the transition functions /_| of the bundles £ over 

-p3|jV Qr ^ f unc tions /£_ defined on the whole of T 3 '^. 
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two sets of equations in the complex case does not satisfy any differential equation after restriction 
to T 3 ^. From this we see that we cannot expect any action principle on T 3 ^ to yield equations 
equivalent to (jD.lOj) as we had in the complex case. For these reasons, we have chosen to use the 
complex approach throughout the paper. 
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